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& KJIac

8-1. Slky HaliMeHIIy KIIbKICTh YHCEN MOXKHA BUKpecauTH cepen nepmmx 100 HaTypanbHUX
gucen, mo0 J00yTOK PeIITH Yrcel He ALMBCs Harijgo Ha 250 7

Bionogion: 18.

Pose’azanns. Ockinvku 250 = 2-5°, 1o Bukpeciumo 3 106yrky 1-2-...-100 yei uncna, mwo xparui 5
OKpiM JeAKHMX JBOX, o He kpathi 25, manpukian, samumumo 5 ta 10. Illykane yucno 3aq0BonbHsE

yMOBY, 60 He ainuTbCs HA 5°, a Tomy it na 125. Ipu npomy Bukpecieni 6y 18 uncen, ockinexu cepen
muoxnukis 1, 2, ..., 100 pisno 20 xparni 5.

[Ipunyctumo, mo Mu Bukpechwin He Oumbme 17 umcen. Tomi cepen 20 umcen, mo kpathi 5, ne

. o . .. . £3 .
BUKpECJIEH] NpuHaiiMHI 3 pi3Hi, @ ToMy J00YTOK, o JHMIIMBCS Kpathuii 5°. 11l06 BOHO He ainmmiocs Ha
250, Tam He Mae Gyt mapHuX yucen. Ase cepea npuHaimMui 83, M0 JUIIKIKCS, OYEBHIHO, IO MapHi €,
60 HenapHux ycboro 50 . TakuM 4MHOM OjiepsKaHa CYNEPedHiCTh 3aBEPILYE PO3B'I3aHHSL.

8-2. BiciM He3HaOMHUX OAWH 3 OJHUM JITeH MPUUNIUIM Ha TIEepIIe 3aHATTA 3 TaHIliB. 1106
BOHU SIKHAWIIBU/IIE TMO3HAHOMUIINMCS, BUMTENIbKAa BUPIIIWIA MO 4Yep3l BUOUpATH JEAKUX
YOTUPHOX 3 HUX, SIKI IT1]T MEJIO1}0 BOAUTUMYThH XOPOBO/I MPOTATOM XBWJIMHU. 3a 1[I0 XBUJIUHY
KOKHA IUTUHA B XOPOBOJ1 3HAMOMHUTBCS 3 TUMHU JABOMA, 3 SIKUMH TPUMAEThCA 3a pyKy. Ska
HaliMEHIIIa KUIbKICTh 4acy (XBWJIMH) 3HAJO0OUTHCA BUYUTENbI, 1100 MO3HAHOMUTH OAWH 3
OJIHUM ycix 8 miTeit?

(Hixonaee Apceniii)

Bionosios: 8.

Po36’azanns. Bubepemo nesky mutuny 3 mux 8. Momy Tpe6a mosHaiiomurucs 3 [ iHIIMMH, a KOXKHOMY
XOPOBOJI, Jie BiH MpUiiMAaTHMe ydacTh, JIOJAAE HOMy MakcuMyM 2 3HaifomcTBa 3 iHmmMu. ToMmy BiH Mae
OpaTy yyacTh NpuHaiiMai y 4 XopoBoaax. AHAOTIYHO 1ie BCE CTOCYEThCS KOXKHOI TUTHHH MIPUITYCTUMO, 10
3a KOKHUH XOpOBOJI JUTHHA OTpUMAE IyKepKy. TakuM YMHOM KOXKHA IUTHHA Ma€ OTpMMAaTH NpuHaiimui 4
IlyKEPKH, TOMY YChOTO iX MalnM po3iat He Menme Hix 8-4 =32 mnykepku. 3 iHmoro GoKy, 3a KOXHHIA
XOPOBOJI Po3/1a€Thes He Oitbiie Hixk 4 mykepku, ToMy it XopoBoiB Majo 6yTH He MeHIIe 8.

3aIuIIaeThCA HABECTHU TPUKIA 3 8 XOpPOBOMIIB, KOIM yCi JIiTH Iepe3sHAOMIATLCS BiIOBIIHO 10 3a1aHUX

ymos. 1234, 5678, 1357, 2468, 1526, 3748, 2736 Ta 1845. Tyr, 3posymino, mo nepmmuii Tpumae

3a pyKy OCTaHHBOTO.

8-3. a) Bimomo, mo mIi HEHYJIBOBHX IUIMX YHCENT a, b, c CHPABIXYETHCA YMOBA:
a’ b®> c¢* a® c¢* b , .
—+—+4+—=—+4+—+—. Uu o00OB'I3KOBO Ma€ CHOPABIKYBATUCS  PIBHICTb:
b ¢ a ¢ b a

a b c¢c a c b

—+—F—=—+—4+=7

b ¢c a ¢ b a

0) PosrisiHemMo yci Tpiiki HEHYJIbOBHX IIMKX uncen (a, b, C), KoKHE 3 SKMX 3HAXOIUTHCS B

mexax Big —2020 mo 2020 BkirouHo. 3'sicyiiTe, 7S CKiUTBKOX 3 HUX ymMoBH a+b+Cc=0 Ta

2 2 2 2 2 2
a~ b ¢ a° ¢ b i ) i .

b +—+—=—+ F +— plBHOCI/IJ'IBHl, TO6TO IJIA CKUIBKOX TaKHUX TplI/IOK YUCCJI
cC a ¢ a

(a, b, ) wi TBepKEHHS CHPABIPKYIOTHCS Y HE CIPABIKYIOThCS OTHOYACHO?
(Pyonvos bozoan)



Bionogiow: a) ue 060s's3x080, 8) 4040 -4039-4038+ 3-1010.

Po36’a3annsn. 3poOUMO Taki IEPETBOPECHHS:
a’ +b2 +c:2 a® ¢ b*) a’c-a’h+bla-a’h+cih-bic
abc

c b a

b ¢ a
Jlaii mepeTBOPUMO JIHIIE YUCETHHUK:
a’c—a’b+b%a—-a’b+c*b—b%c=(b—a)(ab®+a’b+c®—ca’—abc—ch?) =
=(b—a)(ab® +a’b+c® —ca? —abc—cb?) = (b—a)(a—c)(b* +ab—c? —ca) =
=(b-a)(a-c)(b-c)(@a+b+c).
a’> b? ¢ a® c¢* b?
Takum yunHOM ymMoBa — +—+—=—+ E + — I HEHYJIbOBUX YHucen a, b, c piBHOCHIJIBHA YMOBI:
c a ¢ a

(b—a)(a—c)(b-c)(a+b+c)=0.

a) Tenep aHAIOTIYHO 3POOMMO TIEPETBOPCHHSI TAKOTO BUPA3y:
a b c) (a c b)_ a’‘c—a’h+b*a-a’b+c’b-b’c (b-a)(c—a)(c-b)
b ¢ a c b a abc abc

I,I[ef[ MOIyKY IIPpUKJIAAy OYCBUIAHO Ma€ 633}/B8.TI/IC$I Ha IMONICPECAHBOMY HYHKTi, 00 e cra€ MOXJIMBHUM 3a

ymoBu a-+b+C=0. Minbepemo, manpuxnan, taxi uncma: a=1, b =2, c=-3, Toxi 3posymino, mo

=0.

nepiIa piBHICTh CIPABIKY€ETHCS, & CTOCOBHO IPYroi MaeMo, 1110 BOHA CIIPOCTOBYETHCS:

§+b c 1 2 3 3-4+18 17 a ¢ b 1 3 2 -2+9+12 19

b c'a 2 31 6 6'cba 3217 & T%

0) 13 3po0ieHnx nepeTBopeHb 0a4rMO, IO I YMOBU PIBHOCHJIBHI Y IBOX BUIIA/IKAX.

Bunagnok 1. Yucna a, b, C e nonapuo pizanmu.

Bunanok 2. Skmo TaM € nmpuHaiimMHI 1Ba piBHHX, Hanpukian, a =0 #C, To apyra piBHicTE OueBHIHO
CHPaBIXKYETHCS, a MEPLIA — CIPABIKYETHCSA 38 YMOBH, 110 C = —(a + b) .

3anuIaeTbesl MOpaxyBaTH IIyKaHY KUIBKICTh. SIKIIO yci momapHO pi3Hi, TO TakUX BapiaHTIB Oyne
4040 -4039-4038. Tenep BapianT, KoNM [Ba piBHMX, a TpeT€ — JOPIBHIOE CyMi IIMX JBOX 3
TIPOTUIIEKHUM 3HaKoM. TyT Maemo, o skmo a =b # C, to s subopy @ € 1010 BapianTis, a Bu6ip b Ta
C onno3naunuii. Tomy ycboro Takux Tpitiok uncen 3-1010.

8-4. B tpuxkytauky ABC LA=75°
ta ZC =45°. Ha croponax AB Ta
BC Bubpasm Toukm P Ta T
BIIMOBIAHO TaK, 0 YOTHUPUKYTHUK
APTC Bromcammit 1 CT =2AP.
Touka O — HEHTp OMMCAHOIO KoJa
AABC. IIpominp TO mneperunae
ctopony AC y toumi K. /loBemiTs,
mo TO=0K.

(Tpuey6 Aumon)

Pose¢’sazanna. Tlposememo miamerp CD
omucanoro kona AABC. Toxi AADC — B T Puc. 1 /C
npamMokyTHuii 3 kyrom 00°. Takum

ugnom, CD =2AD (puc. 1). 3sincu ADTC ~ ADPA 3a pigHomeHHAM IBOX CTOpiH Ta KyTOM MiX
uumu. Taxum unnom, Z/BPD = ZBTD, 3pinku wotupuxyrauk PDBT snucanuii. ITomitumo 1o



/BTD=/ZBPD=/DPT — ZBPT =180° — ZDBT —45°=180° —90° — 45° =45°,
sgizku DT || AC. Ockimekn DO =OC ta DT ||CK, 10 DTCK — mapanenorpam, 3sizkn TO =OK .

9 knac

9-1. SIxy HaWOLIBIIYy KUIBKICTh YMCE MOXKHaA BUOpaTu cepen umcen 1, 2,...,2Nn Takum

YUHOM, 1100 JTOBIJIBHI JIBa 3 HUX MaJjd CHIJIBHUM TIIBHHUK, OlabIIuii 3a 17
(Hixonaee Apceniit)

Bionogios: N.

Po36’azanna. Bunumemo yci maphi yucna. O4eBHIHO, IO BOHU
YMOBY 38/I0BOJIbHSOT.

Tenep posrismemo taki map umcem: (1, 2), (3, 4), ...,

(2n—1, 2n). V xoxniii mapi yucia B3aEMHO MPOCTi. A ToMmy 3
HUX JI0 OIYKaHOTO HAa0Opy MOXHAa BUOpaTth He OuIbIIe OTHOTO,

ToMy GiIbIIOT Hixk N KiNBKOCTI Yncen BUOPATH HE MOMKIIUBO. /%@@@%@\

9-2. PiBnoctoponHiil TpukyTHMK 3i ctopoHoR N AU/ /N /N\N/\N/ N/ N/ \/ N/ \

mojiieHo  Ha  N®  MaNeHBKUX  PIBHOCTOPOHHIX

TPUKYTHHKIB 31 CTOPOHOIO JTOBXUHU 1 (puc. 2). 3 caMoro mo4yarky OJWH 3 HHX,
10 HE MAa€ CIUIBHUX TOYOK 3 30BHIIIHIMU CTOPOHAMHU BEIMKOTO TPUKYTHHUKA,
nogapOyBaiu y CHHIN KOJIIP, @ pEITY — Yy )KOBTUH. 3a OJMH X1]] MOKHA BUOpaTH OyIb-sKUil 3

Puc. 2

n® MaJeHbKHX TPUKYTHHKIB i HOMIHSTH HOTO KOJIip Ta KOJBOPU CYCiIHIX 3 HUM II0 CTOPOHI
TPUKYTHUKIB (3 CHHBOTO Ha KOBTHH 1 HaBNaku). Yu MOXHA 3a JEKUJIbKa XOJ1B 3pOOUTH yCIO
JIOIIKY OJTHOKOJIbOPOBOIO?

(Hixonaes Apceniir)

Bionoegios: Hi.

Po36’a3anna. Po3risiHeEMO KIIBKICTh Hap CYCIJIHIX MO CTOPOHI Pi3HOKOJIBLOPOBUX
TpUuKyTHUKIB. [lepeBipuMo, 110 mapHIiCTh i€l KiIBKOCTI € iHBapiaHT (puc. 3).
PosrnsiHemMo 3amaHe nepeTBOpeHHA. SIKIO BHOpaHUI TPUKYTHHK HE MEXYeE
CTOPOHOIO 3 30BHIIIHBOK MEXKEI0 BEJIMKOr0 TPUKYTHHKA, TO epedapOoByOThCS

Puc. 3

ycboro 4 TPUKYTHHKH, SKIIO MEKYE OJHICK0 CTOPOHOIO, TO 3 TPUKYTHHKH, i
AKIIO KyTOBUi — 2 TpuKyTHHKM. [Tofajibii MipKyBaHHS OJHAKOBI Il KOKHOTO
3 BUMNAAKIB. BuOpanwii TPUKYTHUK poO3TalioBaHUW BcepeAuHi mepedapOOByBaHOI TPyHMu HE 3MIHIOE
KUJIBKOCTI TakuxX map, 00 yci LI TPUKYTHMKH 3MIHIOIOTh OKpac. KoXKHHMI 3 30BHINIHIX TPUKYTHHUKIB
nepedapOyBaHHs Ma€ JBI CTOPOHH, IO MEXYIOTh 3 IHIIMMH. K0 OOWIBI CTOPOHM OYyIu MIX
TPUKYTHUKAMHU PI3HOTO KOJIBOPY, TO CTAaHYTh MIX OJIHAKOBOTO, 1 HaBMaku. SKio ogHa Oynaa MiX pi3HOro, a
1HIIIa CTOpPOHA MDK OJHAKOBMMHU, TO BCE TaK 1 JIMIIUTHCS, 3 3MIHOK pojedl CcTopiH. TakuMm YMHOM
IPOTOJIOIIEHA MAPHICTH 1 € IHBapiaHTOM.

3 caMOro 1moYaTky MH MaeMo, HIO KillbKicTh Takux map popiBHioe 3, a Hanpukinmi — 0. Taxum umHOM
IIyKaHe [ePEeTBOPEHHS HE MOXKIIUBE.

9-3. loBeniTh, 10 Ajsi OyAb-SIKOTO HAaTypalbHOro N >1 icHye MOCIOBHICTh HATYpaJIbHUX
gucen a; <a, <...<a, =n, M>1 raka, mo
2, 42 2 2,1
5(a; +a; +...+ay) —4(aa, +a,a5 +...+a, 4a,) <4n“ +5(Mm+1).
(Ceporox Hazap)

Po36’azanna. llepenuiiemMo 3ajjaHy HEPIBHICTh TAKUM YHHOM:



(@n —28y4)° +...+ (8, —28;)° +af <i(Mm+1).

[To6ynyemo nocnigosHicts (b,) Takum umnom: b, =n, axmo b, — mapne, To b, ,, nopiBHIOE %bi , a K110
by — HenapHe, To BoHO KOpiBHIOE ToMy 3 aBoX uncen 5 (0 +1) wu 3 (I —1), sxe € mapaum.

3a moOy/moBOIO ICHYE Take K, mis sxoro bk =1. OGepemo HaiiMeHIIE 3HAYCHHS k, mis sxoro Take
— 2ai)2 OyayTs abo HyJIi, a0o

BimOysocs. [Mokmamemo a, . . =b., 1=1 K. Toxi cepen nomankis (&
y k—i+1 i Y i+1

omunamIi. [Ipu mpomy 3a mMoOymOBOIO, HE 3yCTPIHETHCS JIBOX OJHMHHMIIL MOCILUIb, 00 MU OOHMpaEMoO TapHe
YIICIIO 3 IBOX MOMKJIMBHX. A 1€ TApPAHTye HACTYITHUM HyJIb. Y ChOTo J0aHKiB K, Tomy

(a, —2a, ) +..+(a, —2a,)° +a’ <i(k +1),

1o i Tpeda Oyno JOBECTH.

9-4.V tpukytHuky ABC optouentp H — me cepeanna Bucotu AD, O — nenTp onrcanoro
koina AABC. Ilpsma, mo mpoxoauts 4yepe3 Touky H mepnenaumkymspuo mo mpsmoi HO
nepetuHae cropoaun AB ta AC AABC y Toukax P ta Q Biamosimno. /loBemiTs, m1o

cepeaunu Biapi3kiB BP, CQ Ta Touka O nexaTh Ha OJHIN IPAMIM.
(Ceporox Hazap)

C \ Puc. 4 S D X / B C,

Pose’azanna. Hexait M. ta My — cepenunn cropin AB ta AC sBignosinno. Toxi touka H 3a
YMOBOIO JIEKHTb Ha Biapisky M gM. . ITomitumo Takox, mo npoekuii Toukn O na npami AB, AC ra
PQ — touku Mc, Mg ta H nexars na npawmiit Cimncona (puc. 4). 3Bigcu Bumusae, mo touka O
nexuth Ha ormmcanomy koii APAQ.

Hepernemo npomine HO 3 npsmoro BC y touni S . Tlomitumo, mo AOMgM ~ AHBC 3a piBaumu

Kyramu. Bimgmitumo, mo LOHM, = Z/HSB, tomy S ta H € BigmoBimamMum Toukamu B momiGHMX
yT B y
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tpukyrHukax. Ockineku BC =2MgM(, o SC =2M.H =BD. Omxe touku S ta D cumerpuuni

BigHOCHO cepenuna ctoponn BC.
Iosnaunmo cepesunn BP ta CQ uepes P, ta Q, Binnoimxo. Hexaii tTakox touka C, — cumerpuuna

touni C Bignocno touxu D . J{ani orpumaemo, mo

Z0QC = LZOHMg = ZOSC, = ZHSC, Ta ZOCA =90°—- /B = ZHCB = ZHCS.
3sincu BummBae, mo AHSC, ~ AOQC . Hexaii X — cepenuna SC,. Ockinmekn C,D = DC =BS, 10
cepenuna SC; cuiBnamae 3 cepenunoro BD, omxe X - cepemuna BD. 3 nasemenoi nogiGrocrti
tpukytHukiB AHSC,; ~ AOQC Tenep otpumyemo LOQ, A= ZHXS (kyT MiXk MeJiaHOIO i CTOPOHOIO) i
Z0Q,A= /HXS = /B (cepenus ninis). Ananoriuno LOP,A=/C. 3 cymu KyTiB TpHKyTHHKa
ZA+ ZB + ZC =180° orpumyemo, mo touku P, O ta Q, nexars Ha oaHii mpsiMi.

10 knac

10-1. JIng axux HATypabHUX yucesa N yucio N" +1 ginutbes Halio Ha uuciio N+17?
yYp

Bionogios: nns ycix HernapHux N.
Po3¢’azanna. ]Ins Henapuux N JOCTaTHHO PO3KIACTH HA MHOXKHHKH BIATOBIIHY CYyMY:

n"+1=n+DNM"*—n"?+n"> - +1).
[Ipunyctumo, mo ans aeskoro napaoro N = 2K uucno K = (2k)2k +1 mimurees Hamino Ha 2K +1. Tomi
na 2K +1 mae ginurucs it uneno 2kK = (2k) 2™ + 2k = ((2k)**™ +1) + (2k —1) .

Ockimsku (2K)*™ +1= (2k +1)((2k)* — (2k)* 1+ (2k)* 2 —...+1), 1o na 2Kk +1 rakox mae

I[iJII/ITBCH 1 qUucCcJi0 2k _1, 10, O4Y€BUAHO, HE MOXIIUBO. TaKI/IM YUHOM IJIA HapHI/IX n I HEC CHpaBI[)Ky€TI)C$I.
10-2. 3agauya 9-2.

10-3. Hexait H,, H,, H, — ocHOBH BHCOT, 1110 OMYIIEHI 3 BIANOBIAHUX BEPIINH TPUKYTHHUKA

ABC, H — oprouentp mporo TpukyTtHuka, a K — Touka, mo cumerpuyHa H BigHOCHO
npsmoi BC. IIpsima, mo npoxoauts uepe3 Touky H mnapanensHo npamiit H H_, nepetunae

npsmi AB Tta AC y toukax X Ta Y. [omexmith, mo omucani koma AABC ta AXYK
IOTUKAIOTHCS.
(Ponoapenxo Muxatiino)

Po3e’azanns. Posrnsuemo taki nosHadenns: M ta N — touxu, mo cumerpuuni H Bimnocno nmpamux

AB ta AC simnosimuo, S ta L — cepenunu sigpiskis XH ta HY Bignosigso (puc. 5). JloBenenns
IPOBEIEMO B JEKIIbKA KPOKIB.

1. TTokaxemo, mo toukn H_, S, H, — xonixeapsi.
Ile BunmBae 3 TOTO, 110
ZSHH =4/SHH, = ZHH H, = ZH,BC = ZHBH, = ZHH_H,,
Jle meplia piBHICTH BUTIKae 3 TOro, mo S cepeauHa rinorenysu npsmokyrsoro AXH.H, mpyra — 3
napanensrocti XY || H. Hy,, a inwi 3 Buucanocri worupnkyrankis BH H,C ta BH.HH .

Amarnoriuso noBoauThest Konineapaicts Touok Hy, L, H, .

2. Noseaemo, mo Toukn M, X, K — konineapsi.
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Micns romorertii 3 nentpom y touni H i xoediuientom 2 orpumyemo, mo H, > M, S — X ta
H, — K, 3Bizku i BurumBac mykate.

Amanoriuno 1oBoauthes komineapnicts Touok N, Y, K.

3. Hosenemo, mo XY || MN.

Le summsae 3 napaneasuocreidr XY ||[H.H, ta MN | H.H,, ockimexkn H H, — cepenns ninis

AHMN .

Takum 4YMHOM Jjajii 3poOMMO TOMOTETiF0O 3 mHeHTpoM y Touni K 3 Takum koediuieHtoMm, 10
AKXY — AKMN . Orpumaemo, mo omucani kojga LMX TPUKYTHHKIB NEPEXOIATh OJHE B OJHE Micis
romoteTii B criiyipHil Toumi K , oTke i JOTHKAIOTHCS B I TOYII.

Puc. 5

10-4. st TIUCHUX yucen a,b,cd, 10 3aJI0BOJIbHSFOTh YMOBY
a+b+c+d=a’+b%+c?+d?, noBenits HepiBHicTh: (2—a)(2—b)(2—c)(2—d) >1.
(Ceporok Hazap)



Po36’a3annsn. Buznaunmo HOBI 3MiHHI X = @ —% , y=b —% ,2=C —% tat=d— % Toxi ymoBa 3amaui
3aMHIIETHCS TAKUM YUHOM:
— 2 1 2 1 2 1 2 1y _ 2 2 2 2
1=(@"-a+3)+ (" —b+3)+(c"—c+3)+(d°—d+3)=X"+y" +2° +t°.
Toni yci 3minni X, Y, Z, U 3a moxynem ne 6inemi 1, ta | X |+| Y| +|z|+]|t > X2 + y2 +77+t2 =1,
[lykana HEepiBHICTb MEPETUCYETHCS TAKUM YHHOM:
(4—2a)(4— 2b)(4—2¢)(4—2d) = (3— 2X)(3— 2Y)(3— 22)(3— 2t) > 16.
3ayBakMMO, IO SKIIO B OCTAHHIM HEPIBHOCTI SKACh 13 3MIHHUX, HAIPUKIaA, X — BiA'€MHa, TO IIOMIHIEMO i1
Ha X'=—X, npu upomy 3 yMoBH 3— 2X >3 —2X', 3p03yMiJIo, 110 JOCTATHLO TOBECTU HEPIBHICTH JIMIIE 32
YMOB JIOJIaTHOCTI yCiX 40THpboX 3minuux X, Y, Z, L.

Jlema. JIns HeBin'eMHuX 3MiHHUX X, Y, 0 3a10BONBHAIOTE yMOoBY X+ Y <1, cipaBmkyeTbest HepiBHICTS:

(3-2X)(3-2y) = (3-2p)°, ze p= 20"

2 2 2 2
X X X .
Hoeeoenns. OueBuaHO, MO P =4/ ;y <. /% . [To3naunmo uepe3 S = %y SP=4 ;y . Kpim Toro, 3

. _ Xty 1
YMOB 3PO3YMLIO, 0 S = —~ < 5.

Toni 2Xy = (X+ Y)? — (x* + y*) = 4s? —2p? . Tlepennmemo n0Tpi6Hy HePiBHICTH TAKAM YHHOM:

(3-2x)(3-2y)>(3-2p)* < (3—2x)(3—2y)2(3—1/2(x2+y2))2 &
9—6X—BY+4xXy>9—6,2(x* +y?) +2(x* +y?) & —125+8s? —4p* >-12p+4p? &
12(p—5)=8(p?—5s%) < 3(p—5)=2(p—5)(p+S) < 2p+25<3 <& 2p+25<~/2+1<3.

Jlema ooseoena.

3acTocyeMo ii AekiibKa pas:

(3—2%)(3-2y)(3—22)(3— 2) >

2 2 4
2[3—21/#j -(3—2 %) 2(3—2W/M) ~16,

1o 1 Tpeda OyJio JOBECTH.

11 knac

11-1. Hexait a, <a, <...< @, — JAesKl HaTypaibH1 yucna. g kokHOro @; 3apiHa BUMNMCaa
B 30IIHT yCi HATypaJIbHI TUTBHUKH &; (IesKi Yrcia MOXyTh rmoBToproBatucs). Jani Mapycs

po30uiia yci BUIIMCaHi 3apiHOIO YKCia Ha JACKUIbKa Tpyn. BUSBUIOCH, 110 YKCIa B KOXKHIN 3
rpyl yTBOPIOIOTH MOBHMUI HAOIp JUIBHUKIB AESKOrO yucia, siki Mapycs BupilIWiIa MoTiM
BUIIMCATH HA JOLIKY. /[oBeniTh, 1110 Ha OIILI BUMIMCAHI YUCIA 8y, 8y, ..., & .

(Hixonaes Apceniit)

Po36’azanna. 3ayBaXuMo, 110 B 30IIMTI y 3apiHU YHMCJIO &, BUIMCAHE PIBHO OJUH Pa3, OCKUIBKH BOHO €
HallouTbmMM 3 ycix. Takum yuHOM, cepes Ipyl, Ha siki po3OuBana Mapycs 1l 4uclia, € Tpymna, U0 MICTUTh
a, , TOMy y LI Tpymi MaroTh OyTH yCl OUIbHUKA uuciaa &, . ToMy Ha JOIINI € BUNMCAHMM YHCIO &, .

Buxkpecnumo 13 3ommTa 3apiny yci IUIBHUKH @, 110 0JHOMY pasy. Tenep aHajori9aHUMH MIpKYBaHHSAMH JUIs



4pcia @y, OTPUMAaEMO, IO HA JOLILI BUIKMCAHE | 1ie YyucIo. I Tak jaji, 0OTpUMaeMo IIyKaHe, 0 Ha JOLILi

BHIIMCaHI yCl yucna 8y, ay, ..., ;.

11-2. V mkomi KOXeH y4yeHb IPYKHUTh He OUIblIe HiXK 3 N yyHsAMU wi€i mkonu. Hatypanbhi
guciia a Ta b taki, mo a+b=n-1. JloBexiTe, mo y4HiB MOKHA PO3IUIHTH Ha JBi rpynu A
| B TakuM 4uMHOM, IO KOKEH y4eHb Ipynmu A Mae He OUTbIIe HDK a JpPYy3iB cepel ydHIiB
rpymu A, a KOkeH y4eHb rpynu B Mae He Oinbine Hik D apy3iB cepen yuHiB rpynu B.
(Tpucyo Anmon)

Po36’sa3anna. PosrinsneMo rpad, BEpIIMHM SKOTO € YUHI IIKOJH, a pebpa — apyxo6a mixk HuMu. Cepen ycix
MOXIIMBUX Po30OUTTiB BepmmH rpady Ha a8i rpymu A i B BuGepemo Te, B sxomy cyma S =b- S A+a-Sg
HalflMeHIla MOXIMBA, 1€ S, Ta Sg — xinbkicts pebep y rpyni A ta y rpyni B. Ilokaxemo, mo Bono

3a10BOJIBHAE YMOBi.

Crpasi, IPUITYCTUMO, 110 B rpymi A 3Hainiach BepmirHa crerneHi npuHaiiMui a + 1, toni yei mposeneni
b b b
pebpa 3 mei marots BHecok mpuHaiivui (@ +1) B mamisimBapiant S. B miei Bepmuau He Ginbme 3a b

cycinis B rpyni B, Tomy siximo nmepexunytu ii B rpyny B, To mu Bignimemo Bin S mpumaiimui b(a+1) i
nonamo MakcumyMm DA 10 cymm, TOGTO cymMa 3MEHIIUTHCSA. AHANOTIUHI MipKyBaHHS 3aCTOCOBYIOTHCS IO
rpynu B.

11-3. 3Bmaigite yci ¢yukuii f:R—>R, a1 gkux mis goBUIbHMX miicHHX X, Y € R
CIIPaB/DKYETHCS PIBHICTD:

(x+y) FOx+y)=(F(F)+ F(y)°
(Kosanv Baoum)

Bionosiop: f(X)=0 ta f(X)=X.
Po36’azanns. Tlo3HaunMo piBHICTE B yMOBi 4epe3 (1), mpu 1bOMY MiJCTAaHOBKH B II€ CIiBBIJHOIICHHS
X=a ta Y =b 6ynemo nosnauatu uepez P(a, b).

Ipocroro mincranoBkoo mepekonyemocs, mo f(X)=0 ta f(X)=X sanoBonbusAOTs yMOBY 3amaui.

Hexait T #0.

P(0, 0): f(2f(0))=0.

P(2f(0),0): 2f (0)f (2 (0)) = (f (f (2 (0)) + (0)))* = f(f(0))=0.

P(f(0), T(0)): 2f (0) F (f(0)+ f(O) = (F(f(f(0)+ F(F(O))) = f(0)=0

P(x, 0):
xf (x) = (f ((x)))". 2)

3 piBHOCTI (2) MOKE€MO MPUITYCTUTH, 1110

f(a)=f(b) = af (@) =(f(f (@))% = (f(f (b)) =bf (b) = f(a)=f(b)=0.To6ro

f(a)=f(b) = f(a)=f(b)=0. *)

OTxke, AKIIO MU JIOBEJEMO, IO iCHYBaHHS HEHYIbOBOTO Xq, 1t sikoro f (X,) =0 moxmmse nume stkmo

f =0, to 3 npumymenns, 110 BOHA HE TOTOXHil Hylb, TO BOHA iH'€KTHBHA.

JloBeziemo, mwo skmo icuye HeHymsoBe Xo: f(Xy) =0, 10 ne moxmee mume 3a ymosu, mo f =0. 3
piBHOCTI (2) Maemo, 110

f(f(x)=0 < f(x)=0. @)
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P(x, Xg): (X+ %) F (x4 %) = (F (F () =( (F (x-+ %)) 1060
(FCEON* = (F (F(x+x0))). (4)

3 (2) Takox 0YEBUIHO, IO
f(X)>0 < x>0ra f(X)<0 < x<0. (5)

Hpunycrumo, wo icaye X, > Max{—X,, 0}, wws sxoro f(X)#0. Toni 3 (3) ta (5) BumBae, wo

f(f(x)) ta f(f(X +X,)) momarui, orxe f(F(x))=f(Ff(X +Xy)).3 pisrocri uux 3uauens 3 (*)
(©)
BUILIUBAE, 0 | (f (Xl)) = f (f (X1 + XO)) =0 f (Xl) = f (X1 + Xo) =0 - cynepeunicts 3 BuGOpOM

X; . Orxe
Vx> max{—x,, 0} f(x)=0. (6)
IIpumycTrmo, IO It AEIKOTO Y, BUKOHYETHCS f (yl) # 0. Ioxnaznemo B piBHOCTI (4) X =Y,
(FCF QD) = (F(F(yn + %)),
ne Xo > Max{—Xy, 0}. Ockineku X, MoxnHa BuOpaTHM  JOCTATHBO  BEJMKHM,  LIO0
Y, + Xo > max{—X,, 0}, o f(f(y,;))=0, wo cynepeunts ymosi (3).

Takum unHOM, ko f He iH'€KTHBHA, TO BOHA TOTOXHIl HyIb.

Hexaii renep f in'extusna. Toxi 3 (1) Ta (2) MaeMo, mo

(F(EO+ ) = (F(F )+ F ()" (7)

[Toknanemo Tyt X, Y > 0, Toxi 3 (5) MaTuMeMo, 110
(3)

F(F(x+y)=T(F0)+T(y)) = Tx+y)=10)+ f(y).

To6ro f amuruBHA Ta momaTHa Ha MoAaTHMX aprymeHTtax. L[pOro m0cTaTHRO, IMO6 iCHyBano HeBim'eMHe

snauenns K, mis sxoro f(X)=KX. 3 ymoBu (2) orpumaemo, mo K = k* = k=1. AHaJOrI4HO, SKIIO0

posrasinyTH (7) Ans Bi'€eMHHX 3Ha4€Hb, TO MATUMEMO, 110 f (X) = X ans ycix aiicHux X.

11-4. Hexait ABC TocTpoKyTHHIi He piBHOGEpeHui TpUKYTHHK. Moro GicexkTpucn AL, Ta
BL, nepetuHatothca B Touli |. Toukn D ta E BHOMparoThca Ha Bimpiskax AL, Ta BL,
BinmoBigHO TakuM umHoM, mo ZDBC=3/A ta ZEAC=3}/B. Ilpami AE Ta BD

neperuHatoTbess B Touli P. Touka K — cumerpmuna toumi | BimHocHo mpsimoi DE.
Hosenite, mo npsmi KP ta DE nepetunaroThes Ha onmcanomy koii AABC.
(Xinoxo Hdanuno)

Po3é’azanns. Tosnaunmo kytu AABC crammapramm umsom uepes «, [ ta . Hexaii Touka N —

cepenuna gyru ACB onucanoro kona AABC (puc. 6). TTokaxemo, mo N nesxuts Ha npsmiii DE .
Cniouatky 1mo6aunmo, mo o6uasi Toukn — D ta E nexars Bcepenuni AANB . JlilicHo, ockinku Bonn

nesats seepeauii AABC, 1o 3 f= ZEAC < ZBAC =« ta 3a = ZDBC < ZABC = . Takox
ZNAB = ZNBA=90°—%ZACB = 900—%7/ :%(a+ﬁ),
ZEBA=§ﬁ<%(a+ﬂ) = /NBA 1a ZEAB:a—%IB<%(a+ﬂ) = /NAB,
OCKIJIBLKH %0{ < ﬁ . Taxum unHom E nexarts scepeauni AANB . Ananoriuno noBomuthes i U1 TOUKH D.
Kpim toro mu wmaemo, mo ZEAB=a-3p, ANAE=1(a+p)-(a-3p)=p-3c,
ZNBl =5, ZIBA= %ﬂ 3 teopemu UeBu MaeMo, 110
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_sin ZANE sm Z/NBE sin ZBAE
“sin Z/ENB sin ZEBA sin ZEAN'
I11CJIAd B1AIIOBIAHUX ITIJACTAaHOBOK MaTUMEMO, IIIO
sin ZENB _ sinza sin(a —; )
sin ZANE  sin3 g8 sin(f-3a)
3 amanoriunux Mipkysans ZDAB = sa, Z/DAN = %ﬂ, /DBA= ,B—%a, /NBD =« —%ﬂ

3HOBY 3 Teopemu UeBH MaeMo, 110

'!
I Puc. 6

_sinZAND smANBD sin Z/BAD 6o sin /DNB _ sin ;« sin(a—%ﬂ)
" sin/DNB sin /DBA sin /DAN sin ZAND smgﬂ sin(f -3 a)
sin ZENB _ sin ZDNB
sin ZANE  sin ZAND"

Taxum unnom pomeni ND ta NE cnisnanarors, Tomy mio

/BNA=ZANE + ZENB = ZAND + ZDNB.
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Hexait Tenep L — npyra touka mepermny DE Tta ommcanmoro xoma AABC. ITokaxemo, mo KP
NpoXoauTh dyepes Touky L. OueBusno, mo

Z(AL, LN)=Z(AB, BN) =3 (a+f).

3 iHmoro 6oKy,

Z(AP, PB)=Z(PA, AB)+ Z(AB, BP)=a -1+ -ta=3(a+p).
Taxum unnom Z(AL, LN) = Z(AP, PB) i wotupuxyrnuxk APDL — Brnucanuii. Takosk My mMaemo, 110
Z(DI, IE) =3 (a+ B) = Z(EP, PB). 3 cUMeTpii Z(EK, KD) = £(Dl, IE) T2
Z(KD, DE) = Z(ED, DI), romy Z(EK, KD) = Z(EP, PD) ta PKED - Brucanuii. I octarouno

Z(KP, PE) = Z(KD, DE) = Z(ED, DI) = Z(LD, DA) = Z(LP, PA).
Takum uunom mu orpumaiy, mo £ (KP, PE) = Z(LP, PA), ockintku AP ta EP cnisnanarors, To
KP npoxoauts uepes touxy L, mio it 3aBepurye nosenenns.



