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8 KJ1ac
o . . . . 2 2
8-5. Hexait a, b, C — moBiIBbHI HEHYIBbOBI uMcia. BU3HAYMMO Taki BeauumHU: A=23-tb"
c2

2 2 2 2 . o
B=2 £, C=¢ b*f ,aTakox P=A-B-C ta S=A+B+C. fki 3HaueHHs1 MOK€ MpUiiMaTu

a
Bupa3z P—-S?

Bionogios: 2.
Po36’azanna. 3poOuMO Taki MepeTBOPEHHS:

_ _(a® b2 b? c? c? a’y _ a® b2 b? c? c? a® _
P-S=2.

8-6. Ha mtonuui BuOpani 2n To4dok. JloBeaiTh, 110 MOXKHA PO3OMTH iX HA N Tap TaKUM
YUHOM, 100 BHKOHYBaJlaCh HACTYIIHA yMOBa: SIKIIO Ha JBOX TOYKaX 3 KOXHOI mapu
noOyayBaTH KpyT, sIK Ha JlaMeTpi, TO B OTpUMaHUX N KPyTiB Oyne Jesika ChiibHa TOYKa, HE
000B'SI3KOBO cepesl BUOpaHUX.

(Tpuey6 Anmon) 5 e
Po36’azaunsa. Posrnamemo mpsamy | Taky, mo mo
KO)KeH OiK Bix Hel JEeXHUTh piBHO N TOYOK — Taka
npsiMa, OYEBUAHO, iCHye. be3 oOMekeHHs 3araJbHOCTI
BRakaeMo, mo mnpsma | — Bice aberme. Tomi
BIIOPSIZIKYEMO TOYKH 33 3pOCTaHHAM aOcrucu. Y

BEPXHIN MIBIUIONIMHI 1Ie: Al A2 s ey An , & B HIDKHIHN:
B, B,, ..., B,. O6'emnaemo B napu touxu (A, B,),
(A, B;), ... (A, B)). Tokaxemo, mo xpyry, D,

noOy/noBaHi Ha JaHMX TMapax, SK Ha JllaMeTpax,
MaTUMYTb CIIiTbHY TOUKY, IO HalexaTume npsamii | .

TMokaxemo, mo Tpoexiii Ha mpamy | Gyap-axux aBox
BIJIPI3KIB, 10 bopMyIOThH BUOpaHi napu, ) Puc. 1
nepetnHatoteess.  CnpaBal, mnpu | < ] mpoekmii

sinpiskie AB,; ; Ta A;B
B.

n+1-j TakKl1, 10 IPOCKI1A TOYKH AI — HC MpaBIIC TOUYKHU AJ , a IPOCKI1A TOYKH

— He niBime Bix Toukn B i
Hani cepen ycix sinpiskis AB,, ..., A /B, BuGepemo ocranmiit 3 nomatHiM KoediuieHTom, Hexail ue
AB, ., i, Toxi mykanuii Binpisox - nepernn uiapiskis AB, ., ; ta A, B.. A nani oueBnano, sxumo
TOYKa JIKUTh Ha MPOEKIIl BiApI3Ka Ha MpsAMY, IO MEPETHHAE L0 MpsMy, TO BOHA JIEXUTh B KpYy3i,
no0yJI0BaHOTO Ha KIHIIX BiApi3Ka, K Ha aiamerpi (puc. 1), 1o 3aBepirye 10BeAECHHS.

8-7. Ilapy HaTypanpHux unceln (@, b) Hazsemo yixasor, K110 icHYE Take HaTypaibHe N, M0

MIHIMQJIbHUIA MPOCTUI AUTBHUK YUCIIa @+ N JTOPIBHIOE MAKCUMAIBHOMY MPOCTOMY AUTBHUKY
yrcna b+ n. 3HalaiTh yCi MiKaBi Mapu HATYPATbHUX YHUCEIL.
(Hixonaes Apceniit)

Bionosios: yci napu uncen (a, D), mo 3amoBoneuMIOTE yMOBY | a-b |¢ 1.
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Po36’azanna. Po3risiHEMO NOBUIBHY Mapy HATYPATbHUX YUCEI (a, b). SIkmo | a-b |= 1, TO Lif I1apa He
mikaBa, 60 a+N ta b+nN =He MO’KYTh B3araji MaTH CIiIbHUH AinpHUK Ginbmmii 3a 1, 60 ne € cyciani
quca.

Hexaii Tenep | a-b |¢ 1. Tokaxemo, mo mapa (@, b) — nikasa. Posrnsauemo HaiiMeHIIe IPOCTE YHCIO p,

0 JUINTh |a—b|. ITosnaunmo wepes Py < P, <...< Pg — ycl OpoCTI YMCla, WO MeHON Bix P,

3pO3yMiIIO, IO iX MOeE ¥ He icHyBatu. 3 BUOOPY P 3po3ymino, 10 XKoxHe 3 uucen [y, ..., Py HE ALIMTH
| a-b | BubepeMo JOCTaTHBO BeNMKe HaTypadbHe uyucno K, 1o pk >b Ta mokmamemo
n= pk P;...ps —b. 3posymino, mo Hai6inbmmit npocrnit aimkrmk D+ N nopieaioe P. Temep

posriasHemMo 4uciao N+a= pk Pi...Ps + (a — b). 3a 1oOyI0BOI BHIHO, LIO pk Pi...Pg + (a — b)
JUIMTHCA HA ), ale He TUIMTLCA Ha KOAHE 3 uucen [y, ..., Pg, TOOTO HAMMEHIIMI IPOCTHI IUILHUK YHCIIA

a-+ N nopisHIoE P, 10 criBNajae 3 HAHGLIBIIAM TIPOCTHM AiMbHUKOM urcia b+,

8-8. Ha momi, mo ckiamaetscs 3 2020 x 2020 xomipoxk (kmiTuH), AHApiid Ta Onecs TpaloTh
y rpy 3a Takumu npasuwiaMu. Crnoyatky Oiecs BUOUpae «(iHAIbHY KOMIPKY», HICIS I[bOTO
AHJIpill BUOUpAE «MOYATKOBY KOMIPKY», II0 HE Ma€ CHUIBHUX TOYOK 3 (iHaibHOMO. [lami
Anpnpit Ta Onecs mo 4yepsi (po3mnounHae AHJIpiA 3 00paHOi HUM TOYATKOBOI KOMIPKH)
¢bapOyroTh KOMIPKHU JOMIKU B OlakuTHUM (AHJIpii) Ta xoBTHH (OJnecs) KOJbOpH 3a TAKUMHU
npaBwiaMu. KokHMI CBOIM 4eproBuUM XOJ0M Mae (papOyBaTh KIITHUHY, IO MAa€ CIUIbHY
CTOPOHY Y BEPIINHY 13 KIITHHOIO 3a(hapOoBaHOIO CYMPOTUBHUKOM Ha MONEPEIHHOMY X0/ 1
ska He Oyna panimie 3adgapOoBaHa B >KOAHHM 3 KoibopiB. Ilepemarae Toi, xTo 3adapOye
CBOIM X0JI0M (hiHAIBHY KOMIpPKY, a00 SIKII0O BUHHUKHE CHUTYallisl, 32 SIKOi CYNPOTUBHUK HE
MO3K€ 3pOOUTH 3a MpaBUIIAMH YEPTrOBUH XiI.

a) Sxi xomipku Moxe BuOparn Oieca B SKOCTI (IHAIBHHMX, 100 HAINEBHO

MEPEMOITH, HE 3aJI€KHO BiJl TOTO, IKYy KOMIPKY B SIKOCTI [TIOYaTKOBOI 00epe AHAp1i?

0) Jlna axux KOMIpokK, siki mMoxke BuOpatu Omnecs B sKOCTI (piHaNIBbHUX, Yy AHIpIs

ICHye MOXJIMBICTh BHOpAaTH TMOYATKOBY KOMIPKY TaKMM YHHOM, II00 NEpeMoru

caMmoMy?

(Pybnvos bBozoamn)

Bionogios: a )oynp AKi OIS HA MEXI1 IOIIKH; §) TIOTIS, 110 HE JIeKaTh Ha MEXKI.
Po36¢’azannsa. llepen noBeneHHAM CHOPMYITIOEMO OYCBUIHE TBEPKECHHS.

Jlema. Bynp-skuil MPAMOKYTHUK, 110 Ma€ MPUHAWMHI OJHY HapHY CTOPOHY, MOXHa po3pi3aTu Ha (QIirypku
"1oMiHO", TOOTO IrypKH, 10 CKJIAAAI0Th 3 ABOX CYCIIHIX KOMIPOK 31 CIUJIBHOIO CTOPOHOIO.

Hosedenns. Hexaii npsAMOKYTHHK Mae po3mipu 2NxM. Toxi croyarky Woro po3pixkeMo Ha N CMyT
2 XM, KOXHA 3 SIKKX OYEBHIHO PO3pPi3a€Thesi HA M (HIrypok JOMiHO.
Jlema 0osedena.

3adapOyemMo y YOpHUI KOJIIP YC1 KOMIPKH, [0 MalOTh CIIJIbHI TOYKH 3 (PiHAIBHOIO KOoMipkoro. Lle Oyme abo
kBaapaT 22 (s KyToBOI KJIITHHHM), 00 MPAMOKYTHUK 2X3 (If HE KYTOBOi KOMIpKHM Ha Mexi), abo
kBajpar 3x 3. 3po3yMmiio, 10 TOMH, XTO BIIEPILE CBOIM X0J10M (apOye YOpHY KIITHHKY, TO BiH mporpae. [{s
KJIITHHA HE MOXe OyTH (QiHambpHOW, 060 1€ mepuie (papOyBaHHS YOPHUX KIITHH, a (piHAJIbHA KIITHHA
po3TaiioBaHa BcepeanHi "dyopHoi rpynu". Ane Oyab-sfika 4OpHa MeXye 3 (iHAIbHOI, TOMY CYNPOTHBHUK
HACTYIHUM X0/10M (papOye (iHaIbHY KIITHHY 1 IepeMarae.

a) Slxmo Onecs BuOupae (iHaIbHY KIITHHY Ha MEXi, TO IOJ€, IO JIMIINIOCS MICI BHIYYEHHS YOPHUX
KJIITUH, Ma€ NMapHYy KIJIbKICTh KIIITUH 1 Hioro Tpeda po30uTH Ha 1oMiHO. J{Jis TOro mpocTo po3pixkeMo Horo Ha
NPSAMOKYTHHUKH, 1110 33JI0BOJIBHSAIOTH YMOBH HaBe/IE€HOI BUIIlE JIeMU. BifpikeMo BiJ Kparo 3a1aHOT0 KBaJparTy
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cemyry 2x 2020, mo wmictute yci yopHi kmituru. Tofi MM MaTHMEMO BeNMKHH HPSAMOKYTHHK
2018 x 2020 Ta nBa (um oauH) NPAMOKYTHUKH 3 OHIEI0 CTOPOHOKO 2 . TaKMM YHHOM HAIlEe MoJie PO30UTE
Ha JIOMIHO, Ha MMOYAaTKy I'pH yci He 3adapOoBaHi Ta YOpHY rpymy KiiTuH. [loyatkoBe mone AHIpis HE MOXKe
Oytu wopaum. Jlani Onecuna crparerist Taka: Auapii papOye neBHy KiiTuHy, a Onecs cBoiM xoaom (apoye
JIpYTy KIITHHY, 110 YTBOPIOBaja JOMIHO 3 KIITHHOI AHIpis. Skmo Auapiid Moxe 3pooutu Xia, To Onecs
TaK caMO MOX€ HOro 3pOOHTH B JPYyry KIITHHY AOMiHO. SIKIo AHApiH CBOIM XOAOM MOTPANUTh Y YOPHY
KIITHHY, TO OJecs CBOIM X0J10M IiepemMoke, 3adgapOyBaBiiu GiHAIBHY KOMIPKY.

0) Slxmo Onecs BuOupae (iHanbHy KIITHHY HE Ha MEXi, TO MOJIE, IO JIMIIUIIOCS MiCisl BUIyUYEeHHS YOPHUX
KJIITHH, Ma€ HEMapHY KUTbKICTh KIiTHH. [TokakeMo, 1o AHAPIN 3aBKI1 HOTO 3MOKE pO3pi3aTH Ha IOMIHO 1
OJTHY OKpeMYy KIIITHHKY, SIKYy BiH 00epe B sIKOCTI moyaTtkoBoi. /lani BUKopucTae cTpaTterito, 1o Oyia onucana
Bute 1yt Oneci B yHKTI @). HanexxHe po3pizaHHs MOXHA OpraHi3yBaTH, HAPUKIAJ, TAKKM YAHOM. SIKIIO
BB@KATH CTOPOHU KBAJPATy FOPU3OHTAIBHUMHU Ta BEPTHKAILHUMH, TO YOPHUI KBaapaT 3 X 3 Mae HEMapHy
BIJICTaHb BiJl OJIHI€I 3 TOPU3OHTAJIBLHUX CTOPIH BEJIMKOrO KBaJApaTy Ta MapHY IO 1HIIOI, TaK caMoO 1 IS
BepTUKAIBbHUX cTOpiH. Tomy m00ymyemo dopuuit kBaapar 3x 3 10 kBaapara 4 x4 Takum 4uHOM, 100
BIZICTaH1 /10 YCiX CTOPiH BEJTMKOTO KBaJIpaTy CTAIX NapHUMH. Terep oI JOMOBHEHHS JIETKO MOIUISIOTHCS Ha
JOMiHO. A HOMLN JOMOBHEHHS KBaApaTy 3X 3 IMOKa3aHe Ha puc. 2. MaeMo OinbIn TeMHi
JIOMiHO, Ta OlJIa KJIITHHKA, 5SIKa € I0YaTKOBOIO.

9 knac
9-5. lna HaTypasibHUX uncen a>b>c>d moBemiTh HEPIBHICTE: Puc. 2
ab+bc+cd —b*—c*~d*>a-d.
(Hixonaee Apceniit)

Po36’azanna. 3poOUMO Taki MepeTBOPEHHS:
ab+bc+cd —b?—c?—d? =b(a—b)+c(b—c)—d(c—d) >
>(a—-b)+(b-c)+(c-d)=a-d.

9-6. Hexait wotupukytHuk ABCD ommcano HaBkojio kojia 3 1eHTpoM y Toumi O. Ha
npomensax AB, AD, CB Tta CD sinknanu pisHi Biapisku AA, AA,, CC, ta CC,, nosxuHa

AKUX OUIbIIa 3a JOBXKUHY OyIb-aKoi 31 cTopiH doTtupukyTHuka ABCD Bussunock, 1o
toukn A, A,, C; ta C, nexarp Ha ofgHOMY Koiii 3 HeHTpoM y Touui O. JloBeniTs, 110
npsmi A/A,, C,C, ta BD neperunaroTscs B 0J1H1# TOYIl 200 MapaseibHi.

(Apmemuyk O., Mopoz M.)

Po3ze’azanns. Hexait touxkn K ta P — Touku notuxy smucanoro 8 ABCD xona mo cropin AB ta BC
BiznoBigno (puc. 3). 3posymino, mo AC,PO = AA KO, ockinbkn BouM npsMOKyTHI i MaroTh piBHI KareT
KO = PO ra rinorenysn C,0 = AO six paxiycn Bignosinuux xin. 3sixcu summsae, mo C,P = AK.
Ockinbkn BK = BP, sx notwuni mno xoma, mposeneni 3 ommiei toukm, o C;B = AB. Ananoriuno
C,D=A,D. 3okpema, 3 Bume posenetoro sumiusae, mo AB=BC ta AD=CD . Takum unnom

gotupukytauk ABCD — nemsroin, y sixoro miaromans BD — Bicwk cumerpii, Tomy Toukun B, D ta O
JIeKaTh HA OJHIN MpsAMIi.

Hpsma BD npoxomuts uepes toukn B ta O . 1li Toukn piBHoBinnaneHi i kinuis Bigpiska AC,, a Tomy
touku B ta O manexars iioro cepenunnomy mnepnenaukyispy. Ananoriuno, npsma BD e cepemunnmum
nepnenaukynspom g0 A,C, . Ockineku BD L AC, ta BD L A,C,, o AC, || A,C,. Nani maemo nsa

BUITaKH:



5

Axmwo AA, ||C,C,, 1o wornpuxyrauk A A,C,C, - napanenorpam. OCKinbkd BiH BIHCAaHHH, TO
AAC,C, — upsamokyrauk. Yei tpu npsmi A/A,, C,C, ta BD nepnenmuxynspui no npsmoi AC,, a
TOMY BOHM MapajielbHi.

dxmo AA, 1a CC, wue napanenshi, T0
vorupukyrauk A A,C,C, — tpaneuis. Ockinbku

npsma BD mpoxomuts wepes cepemunm ocHOB
Tpanenii, TO Ha Hill TAKOX JISKUTh TOYKA MEPETUHY
OpsSAMUX, IO € TMPOJOBXKEHHAM OIYHHX CTOPiH

tpanenii AA, ta C,C,. Tomy mpami AA,,

C,C, ta BD neperunarorbes B oniit ToUII.
1~2 p

9-7. € 4 kpaiHu, B KOXHIA 3 SKUX €
JeKiIbKka MiIiCcT. Mik wmictamMu Oyb-sIKuX
JIBOX PI3HHMX KpaiH MPOKJIAICHO HE MEHIIIE
HIK BIJl 3arajilbHOI MOJKJIMBOI KIJIBKOCTI

[<2][4;]

JOpIr MK ITUMHU Kpainamu. [{oBeniTh, 110 3
KO)KHOI KpaiHH MOXHa BHOpaTH IO MICTY
TaK, 0 MK OYJb-IKHMH JIBOMA MICTaMH 3
X YOTUPHOX TNPOKIaJeHa aopora. Mix
OyIb-IKMMH  JBOMa MICTaMHd  MO>KHA
IPOKJIACTH HE OUIbIIE OJHIET JOPOTH.
(Ceporox Hazap)

Pose’azauna. Tlosnaunmo kpaimum X,Y,Z,T.
Bubepemo BUMaaKoBUM YHHOM 10 ogHOMY Micty X, Y, Z, T 3 koxHoi 3 kpain BimnosigHo. Toxi sAKII0 Mixk

HUMH HpOBeI[eHi y'Cl 6 I[OpiF, TO TBEPIKCHHA JOBCICHEC. Sxmo MIXK SIKOIOCh 3 TaKHUX LIeTBipOK MMPOBCACHC

MEHIIE D JIOpir, TO Mae iCHyBaTH 4YeTBipKa, MK SKMMHU TIpOBeeHe yci O nopir. Imakmie KigbKicTb
MOYJIMBUX TPOBEICHUX JOpIr Oyne MeHIIe %. Takum YyMHOM /A7 BUKOHAHHS YMOB 3a/ladi MK KO>KHUMH

qoTHpMa MicTaMu Ma€ OYTH MPOBENEHMMH DiBHO 9 jopir. Tak camMo MiK KOKHMMH JBOMa KpaiHamu
IPOBE/IEHE PIBHO % ycix JIopir, TOOTO MK KpaiHaMH € He 3'€JHaHi MiCTa.

Bubepemo micta X € X, y €Y, Mk SKUMH Hemae noporu. PosrnsiHemo JOBiNbHI Z e/ T1ateT.
Ockinbku B weripmi X, Y, Z, 1 mae 6yru piBHo S nopir, mopora mix micramm Z,t Gyme mpucyrhs.

Ockinbku Mu BuOpanu noBinbHi Micta Z€Z T1a t €T, To Ko)He MicTo Kpainm Z 3'eqHaHe 3 KOKHUM
MicTOM Kpainm [, IO cymepeuuTh 3'€HAHHIO Mik Kpainamu. OjepkaHa CYNEpedHicTh 3aBepIIye
JIOBE/ICHHS.

9-8. Jlnsa sikux HaTypainbHUX N >1 iCHye MHOXMHA 3 MOMApHO PI3HUX HATYPAJIbHUX YHUCEN
(3, a,,...,a,), A AKUX CIIPABIKYETHCSI yMOBA:

(&, +DH+(a, +DH+...+ (a, + D Ha, ...+ a, !
(Tpuey6 Anmon)
Bionogios: Takux MHOKHH HE ICHYE.
Poz¢’azauna. a,, a,,...,a, be3 oOMexeHHA 3araabHOCTI BBakaTumemo, mo & <a, <...<a,. Toxai

(& +D!<a M(a, +1) , npuuomy pisHicTh BuKOHYETBCS MHue ans | =,
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Hexait (a, +D)H(a, +D)H...(@@, +1)!'=N(a, Ha, +...+a,!) ma nesxoro narypamsnoro N . Togi 3
TBeppKerHs Bume suumBae, mo N <@, +1, npugomy mpr N >1,10 N <a, +1.

Hexaii tenep N >1, toni mu maemo, mo N < @, . JloBeaeMo, 110 1ie HEMOXKIIMBO, TIOKA3aBLLIH, 0
& +YH+(a, +DH+...(¢, +D!>a, (g Ha, +...+a, ).
PosrisiHeMo Takuii BUpas:
n
(& +DH+(a, +DH+...+ (a, +DFa, (a +a, ... +a, 1) =D a1(a; +1-a,).
i=1
V wiit cymi ocranuiit gomaHok pisrmit a,!. Slkmo a, ; =a, —1, To mepemocraHHill KOmAHOK piBHMIL

HYIIIO. Tenep JOCHUTH 3aIlMCaTH TaKe:

n a,—1 a,—2 a,—2 a,—2
dYaka,-1-a)< dlil(a, -1-i)= Dlil(a,-1-i)< Dlita, =a, D il<
i=1 i=1 i=1 i=1 i=1

<a,(a,-2)(a,-2)'<a,! = (a, +HH+(a, +)H...a, +Y*a,(a, Ha, +...+a,!) >0,

10 MU ¥ Xotum goBectu. OTxe, mpu N > 1 takux MHOXUH HE icHYE.

10 knac

10-5. 3pocraroua TeoMeTpudHa Tporpecis 3 5 HAaTypaJlbHUX YHCENT 3aJ0BOJIBHSE TaKy
YMOBY: KBaJpaT CyMH JApyroro ta derBeproro wieHiB y 100 paziB Ouibmuii 3a cymy
NEepIIOro, M'ITOr0 Ta IOJABOEHOIO TPEThOIO WiIEHA wi€i mporpecii. Ske HalOULIbIIEe
TpULU(POBE YUCTIO MOXKE OYTH WICHOM III€T Iporpeci?

(Pybrvos bozoarn)
Bionosgion: 625.
Po3é’azanna. 1103HaunMO 4JI€HU Mporpecii TpaAULIHHUM YHHOM: b1 =b, b2 =bqg, ..., b5 = bq4. Toni
YMOBa 33}13‘Ii 3aIlIMIICTHCA TaAKUM YHNHOM:

(b, +b,)? =100(b, + 2b, + b)) = b*q*(1+q?)? =100b(1+29° +q*) = bg® =100.

3a ymosoro ( >1, 60 mporpecis 3pocraroua. [Ipu 1b0OMy BOHA CKIaJacThesl 3 HATYPATBHEX duceN, ToMy D
— HarypaibHe, a (= % — panionansre, ae (M, n)=1. Tonui bm? =100n?. Taxum umHOM
2

me{2, 5,10}, 60 m>n ta M?|100. Ockimeku by = bqg* =100% — narypamsie, o N2 |100.
3Bincu mMaemo Taki Bapiantd a1 (: i N=1 maemo =2, =5 ta =10, ma N =2 maemo
q= % JUis iHmumx N mykadoro (] He ICHYye.
JIist KO>KHOTO 3 IMX BUIMAJKIB 3HaiiaeMo MoxkauBi 3HaueHHs D,, D:, mo6 3'scysaru Binnosins 10 3amaui.
Harazmaemo, mo B ycix sunagkax 0, =100.
g=2, b, =200, by =400.
q=5, b, =500, b; =2500.
q=10, b, =1000, b, =10000.

5 — —

TakuM 4MHOM IyKaHe 3HadyeHHs 625,
10-6. Tano piBHoOenpenuii TpukytHuk ABC 3 ocnoBoro AC, P — moBimbHa TOYka Ha IMii

ocHoBi, T — mpoeknis P va BC .V skomy BimHOmeHHi cumeniana APBC, o npoBenena 3
BepmmHU C, miauTh Biapizok AT ? Cumedianoro APBC Ha3uBaeTbes Takuii Bifpizok CS
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S eBP, mo npomias CS € cumerpuyHuM npoMens menianu CF  BiITHOCHO MpoMEHIO
oicextpucu CL .

(Tpueyo6 Anmon)
Bionosios: % =2.
Pose¢’azanns. Hexait BH — Bucora tpuxyrnuka AABC,
toni H — cepenuna AC, a BH ta PT - Bucoru
APBC (puc. 4). 3ragaemo, mo cuMeniana TPUKyTHHKA
JTUTATh BIAPI30K MDK OCHOBAaMHM BHCOT HaBmul. Takum
ugnoM, cumeniana APBC npoxomuts uepes cepenuny
HT — touxy M . Hexaii mpama CM nepetunae AT y

touni K, Tozi 3a Teopemoro Menenas s AATH maemo:

AK . TM . HC _ AK _ AC _
KT “MH ~CA 1:>KT CH 2

10-7. HlaxiBaumro po36min Ha (Irypku JOMIHO,
TOOTO Ha NPSIMOKYTHUKHM 1x 2 Ta 2x1. Ha KOXHIii
Takuil QIrypui 3amucaid 4YHCIIO, IO JIOPIBHIOE
KUIBKOCT1 (PITYpOK JIOMIHO, SIKI MalwTh 3 HEIO
CIIUIBHUM  BIJIPI130K, ©0€3 ypaxyBaHHS camoi
¢irypku. Slke HallMEHILE 3HAYEHHI MOXE
IpUiiMaTH CyMa yCiX YHCedl, 1110 3aliCaHl Ha Max1BHUII?

A p H C

(Hixonaes Apceniit)

Bionosgios. 104 .

Po3¢’azanna. bynemo HaszuBatu (Irypkd JTOMIHO CYCiOHimMu, SKIIO BOHH MAlOTh CHUIBHHN BiIpi30K
nosxuHO0 1 Ta dpyorcuimu, SKIO BOHU MalOTh CILIBHHUIN Bigpi3ok noBxkuHOo0 2. [lo3Haunmo yepes S —
HIYKaHy CyMy YCIX YHCell, 110 3amucaHa B (irypkax. BoHa TOpiBHIOE MOJBOEHIN KUJIBKOCTI Map JAPYKHIX
nomino (2F) Ta momsoewiii kinpkocti map cycinmix gomiro (2N).

3po3yMmiIo, Mo ychoro (Girypok AomiHo 32, ToMy piBHO 32 OJMHMYHHUX BifPi3KM, AKi HAKPUBAE JIOMIHO, €
BHYTPIIIHIMH JUIsl DITypOK JOMIHO, IO SKUX HE MOXKE B1IOYBAaTUCS CYCIICTBO. Y Cl 1HIN OJUHUYHI BIIPI3KH,
0 He JIeXaTb Ha MeXI IIaxXiBHULI, € CHUIBHUMH JUIs JBOX (Irypok, Hexail iXHS KUIbKICTb
7-8-2—-32=80.

Ouepngno, mo 2F + N =80, ockinbku B apyxnix moMino crinbHa Mexa Mae noBxuHY 2. TakKuM 4MHOM

S=2F+2N=(2F+N)+N =80+ N =160-2F .

Hasgemo anyiozom — cykynuicts ¢irypok gomio Dy, ..., Dy, ne D, ta D, ; — apyxni aus | Zﬁ , 800

i+1
OKpeMy JOMIHO, sika HeMae JpykHixX. KokHe JOMIHO BXOJIWTH PIBHO JIO OJIHOTO JIaHIIOTAa. TakuM 4MHOM
yreoproerses C nanmoris. Hexait B | -my manmory K, dirypok, toai B Hpomy ycworo (K, —1) mpysxus
mapa. Toxmi pasom gapyxmix map (k-1 +..+(kc—1)=32-C=F. Takum unnOM
S=160—-2F =96+ 2C . To6to mna miniMansHOCTI ukcaa S Tpeba mo6 MiHIMAIBHUM Oyia KilbKiCTh
nanmroris. C . OueBngHo, M0 B NaHIIOry He Moxke OyTu Oinbme 8 nominomek, a Tomy C >4 . 3piacu
BUILIMBAE, 10 HaiiMeHIIe MosuuBe 3HaueHHs S =96+ 2C =104.

Banuimaethes HaBecTH npukaan, mis skoro C =4, Moro nerko moOyayBaT, JOCTaTHEO yci (irypku
JIOMIHO TIOKJIACTH OJJHAKOBUM YHMHOM, HallpUKiIa/, OuIbIIa CTOPOHA B YCIX — BEPTUKAJIbHA.

10-8. Hexait a Ta b — pi3Hi HaTypansHi 4nkcaa Taki, mo a’ +b? +1:2ab+1. JloexiTh, mo

2ab +1 — TouHwMii KBaapaT LIJOr0 YUCIIA.
(Homiposcoxuii J[mumpo)
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Po36¢’azanna. TlpunyctuMo, 1o 1ie He Tak, BUOEpPeMo TaKy Tapy HarypaisHux uncen (@, D), as axoi e

He CIIPaBKyeThes, py boMy A < D i g mapa mae minimansny cymy a+0b.

Jewa l. a° +b%*+1: 2ab+1 < (2a® +1)? : 2ab+1.

Tosedenns. Ockinpkn (a2, 2ab+1) =1, 10 @ +b? +1: 2ab+1 < a*+b%a’+a’ 2ab+1 <
4a* + 4b%a® + 4a% : 2ab+1, ockinbku 2ab +1 — nenapne. Jlani Bee BUIITHBAE 3 TAKOT PiBHOCTI:
4a* + 4b%a? + 4a® = (4a* + 4a® +1) + (4b%a? —1) = (4a”* + 4a® +1) + (2ab—-1)(2ab +1).

Jlema 0osedena.

TakuMm uymHOM I oOpamux HarypamsEux (@, 0) Maemo, 110 a’+b%+1:2ab+1, tomy
(2a% +1)% : 2ab+1. Taxum unnom (2a° +1)? = (2ab +1)(2ac +1) . Toxi 3 ymou a <b maemo, mo

O<c<ax<b, 60 inakme npasa yactuna 6inpima 3a diBy. Sxkmo 2ab+1 — e Tounmit xBaapar, To i
2aC +1 Takox. 3 neMH BHIUIMBAE, IO SKIIO (2a2 +l)2 :2ac+1, ro i a’®+c?+1:2ac+1. Takum
YMHOM MM 3HAMILM Tmapy HaTypanbHuX uncen (C, @), fka TAaKOX 3aJOBONBHSAE YMOBY 3a7adi i Mae cyMmy

xomroHeHT C+a<a+b, mo cymepeunts BuGopy mapu (a, D). Onepxana cynepeunicts 3aBepmrye
JTOBEJICHHSI.

a’ +b? +1 .. (a—b)?
2ab +1 2ab+1

Anvmepnamugne __po3e’A3aHHuA. 333Ha‘II/IMO, 1o Takum YHMHOM

_(a-b)?
2ab+1

saranbHOCTI BBakaTHMeMo, mo & > 0. Keagparue piusans X° —20(S +1)X +b? —s =0 mae ognum 3

— HarypaneHe unmcno. Ilpumyctumo, mo 2ab+1 me Tounmit kBagpar, 6e3 oOMekeHHS

KOpPEHIB 4YHCIIO X, =a, B 4YOMY JIETKO IIEPEKOHATHCS Oe3mocepedHbol0 IMACTaHOBKOI. Todl apyrum
1
2

KOPCHEM € YhCIo X, = 2b(S + 1) —a= — uine uucino. Kpim roro,

0<(x, —h)* = x5 — 2bx, +b* = 2b(s +1)x, —b* +s—2bx, +b* = 5(2bx, +1) =

X, 2—2—1b>—1. Takum uusoM X, = 0. Ockinekn S He Tounmit kBagpar, To X, >0. Kpim Toro,

b , . (a-b)’
X, = =5~ <a, OCKUIbKH b<a. Takum unnoM ymOBi S =-——"— 3a/10BONBHsIA Mapa (a, b), a mu
2ab+1
y (b—x,)° SV
sHaiimm e oamy mapy (D, XZ), sKa 3aJ0BOJIbHAE Ty CaM€ YMOBY S =m. Ane B 1iil mapi
X, +

HaTypanbHuX uncen X, <D Tta b <a. Tenep moBTopuMO Ti cami MipkyBanHs, 3amiaumo D mHa X. Tomi

OTPUMAEMO KBajpaTHe PiBHAHHA X° — 2%, (S+1)x + X§ —5=0. Moro xopeusmu GynyTh HaTypaibHi

X

yncna b Ta Xy = < X,. Takum 4mHOM iCHYy€E HIe OJHA Hapa (XZ, X3) , KO)KHa KOMIIOHEHTA SIKOi

MEHIIIa BiJl MONEepPeaHbOI. 3p03yMuIO0, 110 MPOLEC MOXKE TPUBATH HECKIHYEHHO JOBTO, 110 HEMOXIIUBO JIs
HaTypaabHUX 4ucen. Onepikana cynepedsicTs nokasye, mo 2al +1 Tounuit kBaapar.

11 xmac

11-5. 3apaya 10-6.



11-6. IMamiaagpOMOM HA3MBAETHCS YHUCIO, y SIKOTO 3amuc IU@pP CUMETPUYHHA BiTHOCHO
cepeaunu, Hanpukian 7, 1221 ta 57575 — naniaapomu, a 1212 ta 3330 — Hi. JloBeaiTh, 110
JU1s1 OyAb-SKO1 KUIBKOCTI MOIMAPHO PI3HUX MaJHIPOMIB CymMa OOCpPHEHUX JI0 HMX YHCEN HE
nepesuirye 11.

(Hixonaes Apceniit)

Po36’sa3anna. Bubepemo NOBUIbHE HaTypalibHe N Ta PO3TIIIHEMO YCI NATIHAPOMH, IO MAOTh PiBHO N
udp. PosrisiHeMo fBa BUMAAKK — TAPHOTO Ta HEMapHoro N .

g N = 2m MATIHAPOM Ma€ TaKU BUTIIS a4 a,..a, 18,8,y 1..8,d; , IPH [IOMY €JHHEC 0OMEXEHHS

02m—1

Ha ioro mudpu — ne a, #0. Tomy ix ycworo 9.10™™* i koxuuit Ginemmit 3a 1 . Tomy cyma

m-1 .
00€pHEHHUX J0 HUX BEJIMYMH HE IEPEBUIILYE % = loim . Pazom mis ycix M 1s cyma He epeBUIILye
1
< 9 =1 0 1
—m = 9 . Z p = 10 1 = 9 — = 1
m=110 m-110 1--= 9

st N =2mM—1 naninapom Mmae takuii Buriasy &4a,..8, 8,8, 1...8,8, , i 3HOBY €11He OOMEKCHHS Ha

ioro mudppu — e @, = 0. Tomy ix yesoro 9-10™" i koxuwmit Ginbiie 32 10°™ 2. Tomy cyma oGepHenmx

m-1
A0 HUX BCJIWYHH HE IICPCBUIITYE iolzoﬁ = 102_1 . Pazom IJISL yCiX m g CyMa HC IICPCBUIILYE
1
> 9 x 1 0 1
Z m_1=90- —m=90%=90—=10
2110 110 1-L 9

Takum ynHOM ITyKaHa BCJIMYNHA HE IICPCBUIILYE 11.

11-7. s IEIKUX LIJTAX HEB1I'€MHUX m, n PIBHSHHS
1 1 1 1 1 1 577 ) .
R S .——=—— Ma€ HECKiH4eHHO OaraTo pO3B'SI3KIB B
XX Xn Y1 Y y, 408

HaTypallbHUX quciiax Xis Xoy ooy Xy V1o Yoo ooes Y- JloBeniTn, 10 PIBHSIHHS
1 1 1 1 1 1 577 :

— .——=—— Ma€ PpO3B'I30K B HATypaJlbHUX YHCJIaX
X X Xx Y1 Yo y, 408

Xy Xou eeos Xes V1o Yoo -y Yy JUTA ACAKMX HTMX HeBix'emHux K <m Ta | <n.
(I'onosarnos Onexcanop)

Po3é’azanna. Mu  noBeemMo  OuIbIl  3arajbHe — TBEPPKEHHS:  AKIIO  PIBHSAHHA  PIBHSHHS

1 1 1 1 1 1 : .
—+—4.+——————...——=a um gesxoro a# (0 mac HeckiHueHHO GaraTo po3B'A3KiB B
X X Xn Y1 Y2 Yn
HaTypaJbHUX quciiax X1y Xou ooy Xy Y10 Yoo oos Yo TO PIBHSIHHS

1 1 1 1 1 1
-ttt —— ... ——=a Mae PO3B'A30K B HaTypallbHUX qHuciIax
X X X Y1 Yo Yi

Xy Xoyeos Xy Vi Yoo ooy Y JUIS JEAKUX LUIMX HEBIA'€MHHX k<mmral<n,

JloBeieHHs mpoBeeMo inaykiicro mo M+ N. Ipu M+ N =1 maemo, mo g @ > 0 nosunno 6yt M =1
1

ta N =0, ToMy 3a1aHe piBHAHHA Ma€ cTac TAKUM — = @ 1 PO3B'SA3KIB He OLIbIIe OJHOT0. AHAIOTIYHO JUIS
X
1

BUIIAAKY A < 0.
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[Ipunyctumo, 1110 TBEPIKEHHS CIIPaBIXKYETHCSA npu m+n<t, i 110 PIBHSIHHSA

1 1 1 1 1 1 : o
—+—+.+——————...——=a, y skomy M+n=t, wmae HECKIHYEHHY KUILKICTh
X X Xm Y1 Y2 Yn

pO3B'A3KiB. Be3 0OMeKEHHs 3aralbHOCTI PO3MIILY MOKEMO BBaxartH, mo a > 0; npu upomMy Mu MoxkeMO
pO3IIANaTH JIMIIE PO3B'A3aHHA, B AKHX X; < X, <...< X, (AKHMX, OYEBHMJHO, TaK CaMO HECKiHYEHHO

: 1 1 m _
6araro). Ockimbku d < —+—+...+—<—, 10 X, <—. TakuMm ymHOM, X; HpHIMae CKiHUYEHHY
XX Xm %
KUIBKICTH 3HAYEHD, Ta MIPUHANMHI OJTHOT'O 3 UX 3HAYECHb X, =C pIBHSHHS
1 1 1 1 1 1 1 . .
—+—+...+——————...—— = a—— Mae HeCKIHUeHHO 0araTo po3B's3KiB. JAkmo a —— # 0 ,
X X3 Xn Y1 Y2 Yn C C
o 1 1 1 1 1 1 ,
TO 3a OPUOYLIEHHAM IHAYKIII PIBHSIHHA — +—+...+——————_...—— =d —— Mae€ pPO3B'AI30K
R X Y1 Y Y| c
. o 1 1 1 1 1 1
JUISL NESIKUX k<mral<n. Toni mae po3B'sa30K 1 piBHIHHI — + —+ ...+ ——————,..——=a.
X X X Y1 Y Y|
3aMIIA€EThCA PO3MVISIHYTH BHUMAA0K A —% =0, T00TO KOJHM €IUHE 3HAUCHHS X{, I SIKOTO PIBHSIHHS
1 1 1 1 1 1 1 . . . :
—+—+..+——————...——=a—— =0 wmae HeckinueHHY KiNbKICTb PO3B'I3KiB, JOPIBHIOE
X X3 Xn Y1 Y2 Yn X
% . Ane Toai 3po3ymino, mo M > 0 ta n >0, ta 3naiinene PO3B'A30K X; = % 1 € IIyKaHUM.

11-8. B BepmmHax npaBuwibHOro N-kytHuka AA,...A, N>6 3 nentpom y Touni O, Tpeba
pPO3CTaBUTH HATypalpHl uucia a,, a,, ..., a,, HE yCl OJHAKOBI, TAKUM UMHOM, LIO0 IS
KOKHOI BepIIMHM A 1CHyBanu JBl BepmuMHM A, Ta A, sKI CHMETPUYHI BIIHOCHO MpPSMOI
OA, g SKUX CIPaBIKYETbCS PIBHICTH: & :%(ak +8,). Jma skux n>6 wne MoxHa

3pOOUTH.
(Pybavos bozoan)

Bionoegiov: s ycix N# 7.

Po36’azanna. Hexaii HaM BJajocs po3CTaBUTH uWciaa HalekHUM yuHOM. Hexaihk M= MIN a i
j=1,n
M =maxa - Jgxkmo M=a, = %(ak =+ a,) ,To M =@, =3a,, TaKuM YMHOM HAaMEHIIMX YUCE] Mac OyTH
j=1,n
moHaiiMenIe 3, aHANOTIYHO Ui HaiGimpmmx wucen. Jlis ckimageHoro N> 6 3amoBHEHHS POOMTHCS
nocuts Tipocto. Hexait N= pq, P, >1. Toni mu poscraBumo y Bepumnax Ap, Azp, oo qu yucia
M, a B ycix inmmx — uucna M . YMoBM 3ajaui, 04eBHIHO, BHKOHYIOTHCA, 00 (DAKTHYHO BEPIIMHH
MHOTOKYTHHKA PO30MBarOThCsl Ha (| NpaBUIBHHUX [J -KyTHHUKIB, B KOKHOMY 3 SIKUX y BEpIIMHAX CTOSThH

OJIHAKOBI YHCIIa, TIPU [[LOMY YHCIIO Y KOXKHIM BEpIIMHI TAKOTO MHOTOKYTHHKA € CEPEeIHIM apu(PMETHUHUM
YrceN y CYCIIHIX BepUIMHAX IIHOTO K MHOTOKYTHHUKA, a IIe K pa3 BiJMOBiAa€ YMOBI 3a/1a4i JJIsl 3araibHOTO
N -xKyTHUKA.

3aIUIIacThCs PO3MISHYTH BHIAAOK npoctux N. 3anmuimemo e 4ucio TakuM uuHoM N=4S+T, ne
r e{3, 5}. JTani sanpononyemo Taky po3cTaHOBKY YHcen B BepuiiHax I -KyTHHKA.

Cnouarky aist N =4S+ 3. Jlns cnpoieHss Ha puc. 5 3amicts Bepmuau Ay GyaemMo mucatd mpocTo I,

YOpHHI KpyKedok — uucno M, 6immii kpyxedok — uucno M . Tenep nns xoxnoro kpyxeuka | TpeGa
BKa3aTHu Mapy KPYy>XKeuKiB TAKOT0O K KOJIbOPY, pO3TALIOBAHUX CUMETPUYHO (Ha piBHIH BijacTaHi Bix |, TO6TO
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3 Homepamu 1+ U Ta I —U 3a momynem N). SIKIIo AeKilTbka OTHOKOTOPOBUX KPY/KEUKiB PO3TAIIOBAHI
Opy4 y KiIbKOCTi 6inbiue abo nopiBHIOE 3, TO Tpeba MIyKaTH BiAMOBiAHI NMIIE y KpailHiX B Liii rpyi, 60
JUTS THIIWX [TyKaHy Mapy CKIIAAAl0Th ABa HAHOIMKIMX CYCiIH.

TakuM YMHOM B IPYIIi YOPHHUX Tpeda 3HANTH BiNOBIAHY Hapy Jid Kpy:Kedka 3a HomepoM S + 3 (BHACIIIOK
cuUMeTpii, aHanoriyna Bimmosigs mua 3S+2). OdeBuaHo, mo mapy mis S+3 Mae ckmagatd 1 Ta
CHMETpMYHMI ili Kpykedok. SIKmI0 TopaxyBaTd, TO BiH Mae MaTtd Homep 2S+5, 1mo6

S+3= %(1+ 2S +5) . Takum yuHOM Bin Oye yopuum 3a ymos 2S +5 <35+ 2 a6o npu S > 3.

Jnst rpyn OUIMX BHACTIZOK CHMETPii JOCTaTHHO Tak 1
caMo BC€ PO3MIISHYTH JUIsl IPyIH 3 HomMepamu 2...S + 3. 4s + 3O o 2

© 3

Jna 2 mapy yrBoprotote 4S+3 ta 4. Temep mus 4s+20 7 < O

S+ 2. OnauM Moxe OyTM KPyXKedoK 3 HaiMEHIIHM // 1 AN
MOYJIMBUM HOMEPOM 3S + 3. JI[pyruM Mae MaTH HOMEP ey S+ S+ 1\\- -

(s+2)—(2s+1)=1-s=1-s+4s+3=3s+4. 3s+30Y VOS+2
OkpemMa 4YOpHA BEpIIMHA 33 HOMEPOM 1 OYEBMIHO
3a/I0BOJILHSE YMOBH, HANPHMKIAJA, HApy CHMETPHYHMX 35+2 @ F.\ - _23_ - /.7 ®s+3
171 Hei MOKYTh CKIacTu BepumHn 2S + 2 ta 25+ 3. 3541 e s+4
TakuM Y4MHOM I KOHCTPYKIIisl CIpanboBye st S >3, Puc. 5
T06T0 N=45+3>15. —He. o

Tenep N =4S+ 5 (puc. 6).
B rpymi yopHuX Tpeba 3HAWTH BiANOBiAHY mapy Mus Kpyxkedka 3a HomepoM S—+4. Ile O6yme 1 Ta

CHMETPUYHHUI KPYKEUOK, KUl Mac Mathu Homep 2S+ 7, mob6 S+4 = %(l+ 2S + 7). Takum 4uHOM BiH
Oyze uopuuM 3a ymoB 2S+ 7 <3S+ 3 a6onpu S>4.

Jlns rpyn 6inux mns 2 napy yreoproroth 4S+5 ta 4. Tenep ans S+ 3. Onuum Moske GyTH KPY/KEUOK 3
HalMEHIIMM MOYKIJIMBMM HOMepoM 3S + 4 . JIpyrum Mae MaTH HOMeEp

(s+3)—(2s+1)=2-5s=2-5+45+5=35+7.

Okpema dYopHa BepiIMHAa 3a HOMepoM 1 o4eBHMAHO

1
45+5. @ 2 ;
A\

3aJI0BOJIGHAE yMOBM, HAlpUKJIA, Tapy CHMETPHYHHMX AS+4 0 7 O
IS HET MOKYTh CKJIacTH Bepuau 25 + 3 ta 2S + 4 / A
; /S+2 b
TakuM YMHOM I KOHCTPYKIs CIpanboBye mist S > 3, Y S+ \
To61T0 N =4S +5>21. 3s+4 oY VOs+3

To6To 3anMIIacThCA IePeBipUTH Taki npocTi uncaa: 17 35+3 @ T 2s 7@ S+4
13,111 7. ® -7

- @
Jl1g mepinx TppoX HaBEAEMO IIyKaH1 KOHCTPYKILIi. 3s5+2 $+5

Puc. 6
Ha puc. 7 mis N=17. HeoueBnani mapu mis Takmx

touox.  13=1(5+21)=1(5+4), 5=1(13-3)=1(13+14), 12=1(18+6)=1(1+6),
6=1(1+11).

17 s 2

Ha puc. 8 mana N=13. HeoueBuani mapu mis TaKuX TOYOK. 16 3
3=1(-1+7)=1(12+7), 6=1(9+3), ;. © © .
4=1(10-2)=1(10+11), 5= 1(10+0) = (10 +13). © ©

14 o 05
Ha puc.9 mis N=11. Yopui ta Oimi Touku poszTamosaHi 130 @6
CUMETPHYHO, TOMY JIOCTaTHHO BKA3aTH MapH JIMIIE JIJISl OJJHOTO 3 ® ®
komopie.  1=1(5-3)=1(5+8),  3=1(1+5), 12 !

8=1(2+14)=3(2+3). Puc. 7
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TyT OKpeMO CTOITh TOYKa CIpOTO KOJIBOPY, TOMY Ul 4yucia X B I[id TOYIll Ma€ BHUKOHYBAaTHUCh YMOBa
X=%(M +m),Hanp1/1Kna;[, Xx=2, m=1T1a M =3.

Jns N=7 BignosimHoro npuxmagy He icHye. IlpumycTumo, WO MiHIMalbHHX HE OiIbIIe Hix
MakcuManbHuX. Tomi ix He Ginbme 3. 3posymino, mo 2 ix Oyru He Moxke. Tak caMo IS iXHBOTO
pO3TalryBaHHs, SKIIO0 BOHM PO3TAIIOBaHi yCi MOPYyY, TO HEMAE Ui KPaiHIX BIAMOBIIHUX Map, SKIIO € J(Ba
opyd, TO I KOXKHOTO 3 Ii€i mapu HeMae mapu. SIKIo BOHU po3TalIOBaHi yci OKPeMO, TO 1€ pO3TallyBaHHs
4yepe3 OJIUH, 1 JUIs IBOX 3 HUX HEMAE BiMOBITHOT MapH.

13 1 1
e ® 10 0 ®3
11 O o4 90 o 4
10 © O 5 8@ @5
o @
o ® 7 6
9 g ® 6 Puc. 9
8 7



