Minicmepcmeo oceimu i nayku Yxpainu
Kuiscoxuit nayionanonuu ynieepcumem imeni Tapaca lllesuenka
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YMoBM Ta po3B’sI3aHHA 32/1a4 NMEPIIOTo THA

BCTABAI, YKPATHO ! Tu mycum 3012t

VYcix BOPOXKEHBKIB, [0 HUIIATH HAM XaTy

I nymy kamiyaTh, 10 BOJICIO JUXA...

VY TI'ocrioga MoauM: BpATY#H Hac Bif uxa !
BOPUCDH, YKPAIHO! 3a wmacrs i nomo,

3a HeOo Oe3XxMapHe 1 YCMIX AUTSIYHH,

{06 mocTpin rapMar He BiUTYHIOBaB 0oJieM

VY cepaeHbKy MaMH, 110 KPOBIIO IUIAYe...

JKMBH, YKPATHO ! - CUH TBIM JIO 3TUHY !

Hamania Kpicman
8 Kjac

8.1. 3naitaite yci uii uncna N, ki 3a0BOJIBHIIOTH PIBHICTB:
(n—2013)(n—2014)(n —2016)(n—2017) =4.
(Py6avoe bozoan)

Bionosios: N = 2015.

Po3é’azannsa. Sxmo nine uncno N 3am0BosbHSIE YMOBY, To unciao 4 momaeTses Sk H06YTOK YOTHPHOX
TIONAPHO Pi3HUX HiMHX 4ucen. OCKUIBKY IiTMMK AiMbHUKAMHU 11600 uucna € nume uncia £1, £2 Ta
+ 4, 1o mykaHUMHM MHOXHHKAMH MOXyTh OyT mumme uucma +1 Tta + 2. JlificHo, KMo oauH 3
NiMBHUKIB 32 MOIyNeM jopiBHIoe 4, To iHmIi Tpm MOBHMHHI 32 MOyJTeM He mepeBHILyBaTH 1 i He OyTH
HYJIEM, 110 HEMOXKIIMBO, OCKUTBKH TaKUX YHCEN YChOTO JIBA.

Ockimekn N — 2013 - Ha#i6ineIMii 3 MHOXKHHUKIB, TO BiH TOBHMHEH JOPIiBHIOBATH 2, HPH IILOMY

N = 2015 - 3agoBonpHsAEe yMOBY 3ajadi. 3 HaBeJEHUX MIpKyBaHb 3PO3YMiN0, IO I €IMHE YKCIO, 110
3aJI0BOJIbHSIE YMOBH 3a/aui.

8.2. Y Hacri € 5 x0BTHUX MOHET, MpO K1 i1 B1JIOMO, 10 BOHU CIIpaBXKHI. B HET € Takox 5
CUHIX MOHET, MpO SKI il BIAOMO, IO Cepel HUX 3 chpaBxKHI Ta 1Bl Qanbmubi. Yci 8
CIpaBXHIX MOHET BaXaTh OJIHAKOBO, OJHA 3 (aJIbIIMBUX MOHET Ba)kua 3a CIIPaBXkHIO Ha 1
rpaM, a IHIIA — JIETIIa 3a COpaBXHIO Takok Ha 1 rpam. Yu 3moxxke HacTs 3a qomomororo
IAIbKOBUX Tepe3iB 0e3 rup 3a 3 3Ba)KyBaHHS BU3HAYUTH OOMB1 (anblliMBl MOHETH Ta
BKa3aTH, SKa 3 HUX OLIbII Ba)kKKa, a SKa OLIbII Jerka?

(Pybnvoe bozoan)

Bionogids. 3moxe.
Po3zé’azanna. Iloznauumo s 3pyunocti O1akutHi MoHetu b1, ..., BS. Cnouarky nopiBHsieMO 3 KOBTHUX
ta 3 OmakuTHux MoHetu b1, b2, B3:

1) 2K1+ K2+ K3 ? b1+ b2+ 53.

Po3rnstHeMO MOKIIMBI BUITAAKH.

la) K1+ 2K2+ JK3=h1+ 52+ b3.

Toni moxnuBi Bapiantu. @anemusi cepen b1, B2, b3, abo cepen b4 ta b5. V Tiit rpymni, ae danpumsi
MOHETH, YC1 MOHETH pi3HOI Baru.
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JIpyruMm 3BaKyBaHHSAM HOPIBHAEMO TaKi MOHETH:
2) b1 ? H2.
MoskJIMB1 Taki BapiaHTH.
2a) b1 = bH2.
Ile o3Hauae, mo I1i MOHETH cHpaBxkHi, a Tomy ¢anbmmBi b4 ta BS. Tpeba mpocto mopiBHATH iX i
3’sICYBaTH sIKa OUIBIII BaXKKa, sika O1JIbIII JIeTKa.

20) b1 > h2.
Toni MOXJIUBI TpU BapiaHTH PO3MOALTY CIpaBkHiX Ta (ampimuBux MoHeT. b1 — Baxkka, b2 nerka, abo b1
— Baxkka, b2 cmpapxus, abo b1 — cripasxkus, b2 nerka. [TopiBasemo cymapny Bary moHet b1, B2 Ta X1,
K2 (nBox crpaBikHix). Y mepuioMy BUIIAAKY BOHU piBHI, y Apyromy b1, B2 Baxui, a y TpeThboMy — Jierri
3a XK1, K2, a ToMmy MaeMo BiANIOBib Ha YC1 MUTAHHS MICHA PE3YNIbTATIB TPETHOTO 3BAKYBAHHS:

3) K1+ K2 ? b1+ 52.

OueBHIHO, IO AaHAIOTTYHO 3aBEPIIYETHCA PO3B’sI3aHHS 3a/a4l Y BUMAJIKY

26) b1 < bH2.

Jpyruil BUIIagoxK.
16) K1+ K2+ K3> b1+ b2+ b3.

Toni cepen b1, b2, b3 € Oinbmr nerka dansmmBa, a cepen b4, bS — Ounbm Bakka. Jlami Bce mpocTo
3’SICOBYETHCS 32 JIOTIOMOTOIO JPYTOTo Ta TPETHOTO 3BAKYBAHb:

2) b1 ? b2 1a3) b4 ? b5.
Hanpuxknan, skmo 2a) 51 = 52 ta3a) 54 > b5, 1o b3 dansmmsa 6inbin jierka, a b4 — ganpmmsa
OUTBII BaKKa. AHAJIOTIYHO PO3TIISAAIOTHCS YCI 1HIII pe3ybTaTH 3Ba)KyBaHb.

Tpertiii Bunamox.

1¢) K1+ K2+ K3< b1+ 52+ b3.
Lleii Bumaok aHasjgorivyHui 10 Bunaaky 16), ane tenep cepen b1, b2, B3 € 6inbir Baxxka danbimsa, a
cepen b4, b5 — Ginb sterka.

8.3. Po3B’s1KITh PIBHAHHS:

1 1 1
+ + =
V2014 —/x /2015 —/x+1 /2016 —/x+2
1 1 1
= + + :
J2015—x =1 J2016—x—+/2 /2017—x—+/3

(Pybavos bozoan)

Bionogion: X =1.
Po36’a3annsn. IIOMHO)XKMMO YHCEITLHUK Ta 3HAMEHHUK KOXKHOTO 3 IIIECTH JIOJIaHKIB HA BUPa3, CIIPSHKCHUN
JI0 BIAMOBITHOIO 3HAMEHHUKA

7/2014+/x 4 \2015+/x+1 4 V2016+/x+2 _ /2015-x++/1 4 V2016-x++/2 " \2017-x++/3
2014-x 2015-(x+1) 2016-(x+2) _ (2015-x)-1 (2016-x)—-2 (2017-x)-3 °

HeBaxxko moGauntH, mo yci ApoOM MaroTh CHUIBHUI 3HAMEHHHK, TOMY ITOMHOXXHMO Ha HBOTO 1
OJIEP’)KUMO TaKe PIBHSHHS:

V2014 + /X +/2015 + /X +1++/2016 +/x +2 =
= J2015— X +/1++/2016 — X +~/2 +4/2017 =X ++/3,

npu npomy X #= 2014 . Tlo6aunmo, 1110 MaroTh MiClie TaKi TBEPIKEHHS:

1) X=1 - € xopenem piBHsAHHA, GO TpPU TakOMy 3HadeHHi X JiBa i mpaBa YaCTMHM HEPIBHOCTI
CKJIaJJAI0ThCS 3 OJIHAKOBHX JI0/IaHKIB:

V2014 + 1 +/2015 +/2 + /2016 + /3 = /2014 + /1 ++/2015 + /2 ++/2016 + /3.
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2) To3naummo uepes S =+/2014 +~/1++/2015 ++/2 + /2016 ++/3 . Toni npu X >1 maemo, mo
2014 +/x ++/2015 + VX +1+~/2016 + /X +2 >
V2014 +~/1++/2015 ++/2 +/2016 ++/3 =8,

TOOTO J1iBa YyacTHHA OiNIbIIA 32 S , aHAJIOTTYHO JUIS IPABOI YACTUHU MAEMO, IO

V2015 X + /1 +/2016— X +~/2 +/2017 —x +/3 <
<2014 + V1 ++/2015 + /2 + /2016 ++/3=S.

TakuM YMHOM Ha [OMY IPOMIDKKY pO3B’s3KiB Hemae. Ananoriuno npu X <1 sisa yactuna meHma, a
npasa yacTuHa Ginbia Hixk S

8.4. Jlana tpamenis ABCD 3 ocmoBamu BC ta AD. Ha giaromamsx AC ta BD
Bigmiueni Toukn P ta Q BimmosigHo Ttak, mo AC - Oicektpuca /BPD, a BD -

oicextpuca ZAQC . Mosenits, mo £BPD=ZAQC.
(Ceporok Hazap)

Po3é’azanna. BinmiTuMo
cepenunn jiaroanen M, Ta

M 5, K 1l T0Ka3aHe Ha puc. 1.

Sk Binomo, M;M, || BC.
[Tobymyemo onucaHi KOJa
TPUKYTHHKIB AAQC Ta
ABPD. Hexaii Bonm Bapyre
neperunatote npami BD  Ta
AC y rtoukax X Ta Y
BiamoBigHO.  OCKIIBKH BD
mictuts Gicexrpucy ZAQC , To

Puc. 1

Touka X € cepeluHOI0 GiMbuIol
nyru AC omucanoro xona tpuxyrauka AAQC . Toni X HanexuTs cepenuHHOMY TEpIEHINKYISAPY

Bizpiska AC. Amanoriuno, Y HanexuTh cepeMHHOMY TeprneHaukynspy simpiska BD. Omxe,

YOTUPUKYTHUK XM, MY €  BIHCAHUM, 00 ZXM)Y = ZXM,Y =90°. Toni

ZM XM, = ZMYM, . Takox £ZBXY = ZCM;M, = ZM,CB, ssinkn gornpuxyraux XBCY e
srucanuM. 3Biacu, ZBXC = ZBYC. Toxi
ZAQC =180°-2/M, XC =180°-2(LM; XM, + ZM, XC) =
=180°-2(£M,YM, + /M ,YB) =180°-24/M,YB = ZBPD.

Anvmepnamuegne pose’sazannsa. BigmiTumMo Ha

miaronani BDrtouky Q' (pumc. 2), taky, mo
/BQ'C =~/BPC. 3 pisnocri mux KyTis

suuBae, mo votupukytnuk BCQ'P e

BIIMCAHUM. Toni
ZQ'PC=/Q'BC=ZQ'DA, 3BiIKH
BHUIIINBAE, 110 BIHMCAHUM €  TaKoX

gotupukytauk APQ'D . Toni
/CPD = /CPQ’ + /Q'PD =
— /Q'DA+ /Q'AD = /BQA.

Puc. 2
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To6to mu orpumamn, mo ZBPD=/CQ"'A. Kpim toro BDe 6icexrpucoro xyra ZCQ'A.
[okaxemo, mo Q'=Q. Tpunycrumo, mo ni toukn pisui. Ockimekn ZCQB=ZAQB Tta
ZCQ'B=ZAQ'B, 1o tpuxyrauku CQ'Q ta AQ'Q e pirumu. Lle o3nagae, mo npama BD e
cepeauHHUM nepnenaukyispom a0 siapiska AC . HecknagHo moGaumT, IO 3 HBOTO BUINIMBAE, IIO
yotupukytHuk ABCD e napanenorpamom, aje Tozi BiH He € TpallewLicro, 0 CylepednTh yMoBi. Takum
YUHOM, Q' = Q , 3BIJIKM 1 BUTUTMBAE TBEPKCHHS 3a1a4i.

9 xjac

9.1. BapTicTh OJHOrO Kijorpama IIOKOJaJHUX I[yKEPOK — X TpPHUBEHb, a KiJIOrpama
KapToIli — Yy TpHUBEHb, NMPUYOMY YHCIa X Ta Y — HaTypajbHI Ta HE OLIbII HIXK
asouudposi. Matu ckazana AnzapiiikoBi kynuta 200 rpamiB Iykepok Ta 1 Kr KapToIui,
10 Majo KomTyBaTu piBHO N TpuBeHb. AHAPINKO Bce nepemtyTras 1 Kynus 200 rpamis
KapTorum Ta 1 KT I[yKEepoK. PIOMy noBesocs cruiatuty piBHO M > N rpuBeHb. BusiBuiocs,
mo nBomudposi yncna N ta M 3amucyroTecs OogHMMHU W THMH X UdpaMu, ane y
pizHOMY nopsAaKy. CKUIbKH KOIITY€E KIJIOIpaM KapTOIUTl Ta KiJorpam IIyKepoK?

(Pybavos bozoan)

Bionoegids: nykepku KOMTYOTh 50 rpuBEHb, a KAPTOIUIS — 5 TPUBEHb.
Po3e’azanna. Hexall nykepku Ta KapTOIUIA KOIITYIOTh BINOBIIHO X Ta Y TIpUBEHb, NPU LbOMY

N =§):10a+b, M =ba=10b+a. 3 ymoBu 3amaui M >N tomy b>a>0. Toxi maemo Taxi
PIBHSHHSL:

:Xx+y=10a+b ra  y+x=10b+a,a6o x+5y=>50a+5b ta y+5x=50b+5a.
Tyt b>a>0- mudpu, a X > Y He Ouibliue HIX ABOLM(poBI uncna. Toxi
4(x—y)=45(b-a). (1)
6(x+y)=55(b+a). 2)
Takum unom b—a : 4 ta b+a: 6. Posrasremo i mapu uudp, mo 3ag0BosHsoTs yMoeH (1) Ta (2).
Taxux nmap ycsoro a8i: D=5, a=11a b=8, a=4. Posrnsanemo i Bunaaku.

X—Yy =45,

Bunaoox 1. b=5, a=1, roni 3eincu X =50, y=5.
X+Yy=255.
X—Yy =45,

Bunaoox 2. b=8, a=4, toni 3Bigcu X, Y — He 1ii.
x+y=110.

9.2. V TeHiCHOMY TYpHipi B OJJHE KOJIO B35UIH y4acTh 8 AiBYaT (TOOTO KOKHA TEHICHCTKA
3irpana 3 KOXHO 1HIIOK piBHO 1 pa3, HiUMiX y TeHici He OyBae). OkcaHa mocijga apyre
Micile 32 HAOpaHUMHU OYKaMH, 1 TaKy KUIbKICTh OYOK He HaOpaja OuIbIIe KOJHA 1HIIA
y4acHHIS. SIKy MakCHMallbHY KUIBKICTH 1rop moria nporpatu Oniecs, sika IepeMoria B

L(bOMY TYpPHIpi? M|[1]2[3][4[5]6][7]|8]ou
(Pyonwos boeoan) | 1 | X |0 |1 [1 1|1 |1|1]|6

21 |X|]1|]0]1/0]1]0]| 4

Bionosion: 1. 3lololxl1lol1lol121]3
Pose¢’azanna. Tpunycrumo, mo Onecs nporpana 2rpu. [ 42 [0 | 1 10 1 X |1 1101110 | 3
Toxi Bona Habpana 5 o4ok. Okcana He MortaHabpati4 5 g [0 |1 10 | X 1| 1101 1] 3
OYKH, OCKLIBKHM TOZI YChOr0 pasoM yciMa KOMaHIaMH [0 [ 1 |01 110 | X | 110 | 3
OyJ10 3100yTO MakCUMyM 5+4+3.-6=27 mepeMor. A 7 (o (o0 l11l0l1]l0 X213
yChOro 3ycTpiueil Oyino 3irpaHo piBHO %(8-7) =28-|8|lof1]of1]o0]1]0][X]3

Puc. 3
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cynepeunicte. Tak camo Okcana He Moria HaOpatu 3 um MeHIe o4oK, abo Onecs mporpatu 3 4u
Outpmre irop. Takum ymHOM ychoro Omecsi Morma mporpatu IoHaOimemie 1 rpy. Lleir BapianT
MOKIIUBUH, TIPO IO CBITYUTH
HaBeaeHu# y Tabmui (puc. 3) mpukaz.

9.3. Jlna nmomaTHMX uymcen a, b, c, 1m0 3am0BOJIBHSIOTH yMOBY a+b-+c+2=abc,

) .. a b C
JIOBEJITH HEPIBHICTD: + + >2
b+1 c¢c+1 a+1

(Mumpoganos Baoum)

Po36’azannsa. 3acrocyemo HepiBHICT Komi-IlIBapua st Tpifiok dgucen ’,b%’ 1/%, ,/ﬁ Ta
\/a(b +1), \/b(C +1), \/c(a+1) i omepxuMo, 1o

Ji&ab+1) + /2 b +1) + /5 - Je(@+) <
< J(&+ & +E)@b+) +bc+1) +c@+l) <
2+ c(ab+D)+b(c+1)+c(@a+l)=(a+b+c)® <
a b c (a+b+c)?
+ + > :
b+1 c+1 a+1 a(b+l)+b(c+1)+c(a+l)

Tenep HaM TOCTaTHLO JIOBECTH, 11O

2
(a+b+c) -
a(b+1)+b(c+1)+c(a+l)
OcTtaHHs HEpiBHICTh PIBHOCUJIbHA TaKiil:

a’+b*+c*>2a+2b+2c. (1)
3H0BY 3acTocyeMo HepiHicTh Komni-1lIBapua Tenep s tpikiok uncen @, b, € ta 2, 2, 2:

(@® +b? +c?)(4+4+4) > (2a+2b+ 2¢)? a6o
3(a’ +b®+c?) > (a+b+c)?. )
[Mokaxemo, mo a+ 0+ C>6. 3 ymosu 3anaui maemo, mo a+b+Cc+2=abc, Tomy
abc = (a-+b) + (C+2) > 2/ab + 2v2¢ > 24/2V/ab - 2J2c < (abc)? >16+/2abc <

(abc)* >512abc < (abc)®* >512 «< abc>8.
3sigcu Maemo, mo a+b+c>abc—2>6, Toai 3 HepiBrocTi (2) Maemo, 110
a’+b*+c*>i(a+b+c)(a+b+c)=L1-6-(a+b+c)=2(a+b+c),

3BiZIKM BHIUIMBAE MOTPiOHA HepiBHICTH (1).

Anvmepnamusne poss’azanna. Tlomitnmo, wo HaGopu goxaraux ancen (a, b, €) ta (5, 5, 2

MPOTHJICKHO BIOPsAKOBaHI. Tomy, 3a TpaHC-HEPIBHICTIO
a . b L. c .a b L. _ a(bb+D(c+D)+b(c+D(@+1)+cb+D(a+1)
b+1 c+1 a+1 a+1 b+1 c+1 (a+1)(b+1)(c+1)

_abc+ab+ac+a+abc+bc+ba+b+abc+cb+ca+c

abc+ab+bc+ca+a+b+c+1
_ 3abc+2(ab+bc +ca) +abc—-2 _5

abc+ab+bc+ca+abc—-1

10 i MOTPIOHO 61710 JOBECTH.
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9.4. Ha croponi BC rocrpokyrHoro tpukytHuka ABC BuOpaHo moBinbHY Touky D .
Hexait O — uentp omnmcanoro kona AABC, a Z — Todka 1[bOro Koja, I0 JAlaMeTpaibHO
nporunekHa toumi A. Hexait X, Y taki Touku Ha Biapizkax BO, CO sigmosimxo, ms

KX BUKOHYETHCS YMOBA.:

/BXD+ ABC =180° = /CYD + ZACB.
JloBemiTh, mo TpamxycHa Mipa ZXZY He
3aJIeKUTH Bil BUOOPY Touku D .

(Xinvko [lanuno)

Po3ze’azanns. Hasenemo PO3B’ 130K TUTS
po3TalryBaHHS TOYOK, 300paKEHTO HA PHUCYHKY.
Jlns iHIIMX BUOAJAKIB PO3TAIlyBaHHS PO3B’SI30K
Oyne moxiObnum. [loBenemo, mo aist Oyab-sIKOTO
Bubopy Touku D uormpukyrmmk XOYZ €
BrucanuM. Toni ZXZY =180°—-2 /A, To6To He

3anexuTh Bia Bubopy Toukn D ma croponi BC.
3 yMOB 3a/la4yl OYEBUIHO BHILIMBAE, MIO OMHCAHI

koma ABXD ta ADYC jorukarootscs 10
MPAMUX AB ta AC simnosiguo. ITo3naunmo 1t
kona sk W, ta W,, a ix uentpu uepes O, ta O,
Bignosigno. Hexait K -- npyra Touxa meperuny
X Kin, mo Bigminna Big Touku D (puc. 4). Toxi

/BKC = ZBKD + ZDKC = \
/B+ZC =180°—-ZA,
10670 Touka K manexuts omucanomy komy AABC. Takox Maemo

ZXKY = ZXKD + ZDKY = £XBD + ZDCY =180° — £XOY ,

10670 yoTpuKyTHUK XOYK — Brimcanwmii. 3aznaunmo, mo ockinbku AZ — giaMeTp BEJIHMKOIO KOJa, TO

AB | BZ, a tomy 01 HaJIeKUTh npamiii BZ . Ananoriuno 02 Hanexuth npamiin CZ . JloBememo, mo
Oy, O, nanexars onmucanomy xony gorupuxyranka OXKY . Cnpasni,
ZXO K =2/XBK =2(90° - % /BOK) =180° - £ZXOK,
ananoriano i mis toukn O,. Temep nosexemo, mo i Touka Z HAIEKHUTH OMNUCAHOMY KOIY
yorupukytauka OXKY | mo i 3aBepmurs po3s’s3anns 3agadi. Jlas bOro JOCTATHRO IOBECTH, MIO
£0,Z0, + £0,KO, =180°. Cnpasxi,
Z0,KO, = ZO,KD + £ZDKO, =90° - ZDBK +90° - Z/DCK =180°—- LA=
=/BZC =180°- £0,Z0,.

10 knac

10.1. Po3B's:KITh pIBHSIHHSA:
ctg[x] - ctg{x}=1.
Tym uepes [ @] nosnauena yina wvacmuna wucna &, mobmo natibinbwe yine uucio, wo re nepesuuye a,

a uepes {a} - opobosa vacmuna yucna a, moomo {a}=a—[a].
(Anocmonoea I anuna)

Bionogios. X=%7z'+7zk, keZ.

Po3e’azanna. llepenuiemMo piBHSIHHS y BUTIISIL
cos[x]- cos{x}=sin[x]-sin{x},



nipu ymoBi, mo SIN[ X] - SiN{X} # 0. Mepenecemo yce B ommn 6ik i oxepKIMO, 10

cos[x]- cos{x}—sin[x]- sin{x} = cos([x] +{x}) =cosx =0.
3B1/ICH 3HAXOAUMO, 1110 X = %72' +7k, keZ.
3anummaeTbes MEePeKOHATUCH, 110 YCi I1i 3HaYeHHs Hanexkatrb OJI3. JlilficHo, )KOaHE 3 IMX 3HAYCHb HE €
1imiM, ockineku BorH yci ippamionansri, Tomy {X}#0 = {X}€(0;1) = sin{x}= 0. Kpim Toro,
ockinpku piaicte SIN'Y =0 Bukonyerscs mpu Y =7M, N€Z, To piBHICT HymO TpPH HimuHX Y

moskmuBa smine npu Y = 0. Iomitumo, mo npu K >0 X=%7Z'+7zk >1i[x]>0, anpu k<O

X= % 7+ 7K <—=1i[X]<0. Takum unnom yci 3Haiineni X 3a10BOIBHAIOTH PIBHAHHS.

10.2. Bcepenuni mpaBWIHLHOTO
TpukyTHuka  ABC  BuOpano
touky M. Hexait Touku M.,

M,, M; cumerpuuni il
BigHocHo cropin BC, AC, AB
TPUKYTHHKA BiJIITOBITHO.
JloBeniTh, 1O CymMa BEKTOPIB
MM, + MM, + MM;  nopiBHIO€
cymi BektopiB MA+MB+ MC.
(Tepvowun JImumpo)

Po3¢’azanna. llpoBenemo  uepes
touky M npami, mnapanmemsmi 10
cropin tpukyranka ABC. Hexait

BOHU ICPECTHHAIOTHL CTOPOHU AB,

BC, AC & touxax C;, C,; A,
A,; B,, B, signosizno (puc.5).
ormxke, C,A,||AC, AB, || BA,
B,C, || BC, a rakox mpami C,A,,

AB, ta B,C, mneperunaiorscs B

Puc. 5
touni M . Posrnssnemo AA MA, . Ouenaro, mwo BiH IpaBUIIbHUI. [psma M;M

MicTuTh iioro Bucoty, 60 € nepnenmukysmsipuoo g0 BC. Toni M;M - ne nonsoenns itoro menianmu,
tomy MA + MA, = MM, , ananoriuno MB, + MB, = MM, 1a MC, + MC, = MM;. 3 inmoro
6oxky MC,AB, - napanenorpam, tomy MA=MC, + MB,. Ananoriuno MB=MC, + MA Ta
MC = MA, + MB; . 3Bincu it Mmaemo mrykase:

MM; + MM, + MM; =MA + MA, + MB, + MB, + MC, + MC, = MA+ MB+ MC.

10.3. HatypanbHi yncia a, P 3aI0BOJBHAIOTE yMOBY: P =2% —1. 3HaliiTh yci 3HaYeHHs
a, JUISl SIKUX YHCIIO %(p2 +1) € KBazpaTOM I[iJIOrO YKCIIA.

(Knypman Onexciit)

Bionogion: a=11a a=3.

Po36’azanns. Tpu & =1 maemo, mo p=1i %(p2 +1) =1 — 3an0BONBHSIE YMOBY.



[pu @ =2 maemo, mo P=3 i %(p2 +1) =5 — ymoBy He 3a10BONBHSE.
Hexaii Tenep @ > 3. [punycrumo, 1o %(p2 +1) = pZ, toni p°—2p; =—1. MixcraBumo 3HaveHHs
p 3 YMOBH: 2% 2214112 }C)l2 =-1 a6o p%al_pa _ p12 -1. 3Bincu

2222 1) = (p, —1)(p, +1) . Ockinbku niBa yacTuua piBHOCTI NapHa, TO if PaBa YACTHHA — APHA.

Toni koxen 3 Bupasie y ayxkax € napuum i HCH(p, —1 p,+1) =2. Takum uuHOM, MOXKIHBI Taki

BUIIAJIKY.

1) p,+1=2l, upn wpomy Kkl = 2211,

Mpu k>2 p,>2%+1il> 2271 +1, mo cymepeunts pismocti kKl =21 1.

Mpu k=1 p, =221 +1i1=2"2+1ikl=2"?+1=2%"~1 3sizcu a=3.
2) pp—1=2k, p,+1= 227, npu wwomy Kl = 221 1.

Opu | >2 p, > 23 _1ik>2%"1 —1, 3Binku 221 _1-kI>2? —2,3Bimxkun a=1.
Mpu |l =1 p,=2""-1ik= 2272 _1ikl=22-1=2*1—1 _ cynepeunicrs.

10.4. 3ananuii CckiHUeHHUM HaOlp HaTypaJbHUX YHCeN &, a,,...,d,. 32 OIUH XiX

J03BOJISIETHCSI BUOPATH JIOBUIbHY Mapy YUCEN 3 THUX, IO 3IUIIWINCH, MEHILIE 3 JBOX —
BUJTYYUTH, a OLIblIE — 30UIbIINTH Ha 1. SIke HaliMeHIlIe YMCIIO MOKHA OAEpPKaTH B KIHII?
(Pyoenxo Onexcandp)

Bionogios:  HaiimMenmie — HaTypaibHe — umcio [, a8 SKOTO  BHKOHYEThCS — HEPIiBHICTB
f(A) =2 42% 4+ 42% <2t
Poze’azanns. Hexaii 3a51ani uncia 3a10BONbHAIOTH yMoBU: & < @, <...< @, . Busnauumo mis naGopa
ancen A={a,, a,,...,a, } dysxuiro f(A) =2 +2% 4. 4+2%  Toxi npu nepexoxi Bix HaGOPy
A={a;, a,, ..., &, } no nabopy A’, sxmo Gynu obpani uncna a; < a  » MA€EMO, T(O:
fA)— f(A)=25"—2% _2% =2% _2% >0,

TOOTO PyHKITiS f me cnanae.

[o3Haunmo uepes | HaiiMeHIe HaTypanbHE 4YMCIO, I SKOTO 3 CaMOTO MOYaTKy BHKOHYBAJach
nepisricts f (A) < 2"
JloBeieMo, 10 AKIIO & - OCTAHHE YUCIIO, 10 3aluimiaock, To a > 1.
JliiicHO, SIKIIO MPUIYCTHTH CYHpoTHBHE, T06TO mo a <t, 10610 A<t —1, To ockineku f me cmamae,
maemo, mo T (A) < f({a}) =2 <2'*", mo cynepeunts BuGopy uncna t .
TokaeMmo, 110 AKIIO HA KOKHOMY KPOLI BUOMpATH Tapy HaliMEHIINX YUCel, TO HAMPHUKIHII OIePKUMO,
wo a =t . JlificHo, sKmo Mu mpuGupaemo 4ucio &, , a uncio a, 3amixoemo Ha &, +1, To Maemo, mo
a
f(A)— f(A)=2%" 2% _2%2 —2% _2% 450 f(A)=f(A)+2% —2%,
3a no0y 108010 uncia t Ta BUGOPOM N1BOX HAMMEHIIMX YHMCEN MAEMO, IO
a a
f(A)<2' © f(A)-2"<2'-2%2 & f(A)+22 -2 <2' & f(A)<2.

Takxum unHoM @ <1, 3BimKu ocrarouno maemo, mo a =*t.



11 xiac

11.1. 3naiiaitTe yci napu aicHuX yucen (X; y), AKi 3aJI0BOJIbHSIOTH PIBHICTD:
UG+H{yr=[x+y].
Tym uepes [ @] nosnauena yina wacmuna wucra &, moémo natibinvwe yine Yucio, wo ne nepesuwyye a,

a uepes {@} - opobosa wacmuna uucra @, moomo {a}=a—[a].
(Pybnvos bBozoan)

Bionogios. (N; —N),ne NeZ ta (X;1—X),ne X&Z .
Po3¢’azanna. 3pozymino, mo 3 ymoB 3amadi Burumsae, mo uncno {X}+{y} - wmime, a ockinbku
0 <{x}<1, o moxumsi xsa Bapiautu: {X}+{y}=0 ado {x}+{y}=1. Posrsinemo ix.

Bapiaut 1: {X}+{y}=0. Le o3nauae, mo {x}={y}=0, a tomy X, yeZ. Ane Ttonm
[X+Yy]=x+y=0, 3Biacu po3s’s3kamu € Taki napu uucen: (N; —N),xe Ne”Z.

Bapiant 2: {X}+{y}=1. 3Bixcu oueBuano, mo X, Yy ¢ Z, 60 SKIIO OJHE 3 HUX, HAPHKIAA, X LiIe,
to {X}=0, 3Bincu {y} =1, wo vemoxnuso. Hexaii renep X & Z , toxi

X+y=[X]+{x}+[y]+{y}r=[x]+[y]+1,
10610 X+ Y - 1ine uncno. Toxi X+ Y =[X+ y]=1. To6ro y upomy

BUTIAJIKY IIyKaHUMH PO3B’si3kamu € napu uncen (X;1—X), ne X ¢ Z.

11.2. 3agauga 10-3.

11.3. € OGinmit xBagpar 8x8. 3a omun xix JMuTpo Moxe
BUOpATH MOBHICTIO Oiuil KBagpaTtuk 2x 2 Ta 3adapOyBaTH y
YOpPHUU KOJIp OyIb-sKi JB1 KIITHHU LIOTO KBaJpaTHKa, IO
po3TamioBadi Mo JiaroHani. SIKy MakCHUMallbHY KUIBKICTb
KJIITHUH 32 TAKUMU TIpaBuiamMu JMutpo 3mosxe 3adapoyBaru? Puc. 6

(Ilempoecvruii /[mumpo)

Bionogios: 42 .
Po3e’azanna. Cioyatky NOKaKeMo, SIK JOCATTH MOTPIOHOT

Kinpkocti 3adapOysanb. Y koxkHoMy kBaapatuky 4x4 //B
npoBeaeMo (papOyBaHHs y Takiil mocaigoBHOCTI. CrioyaTKy Puc. 7 - D
BUOMpacMO yci dOoTMpH KBaipath 2X2, Ha sKi e L )ﬁ<\c
posousaethes kBanapar 4x 4, i ¢papbyemo Tam miaronani,
JK 1€ TOKa3aHe Ha puc. 6 (dopHi kBaapartukw). [licias mporo BcepemuHi Puc. 8
YTBOPIOEThCS MOBHICTIO Oimuii kBagpar 2 X 2,y skomy Mu (papOyemMo Oyb-

Ky 3 AlaroHanei (cipi kBajgpatuku). [lo 3aBepuienHto gpapOyBaHHS ycixX
qoTuphox KkBaapatiB 4 x4 y camomy HeHTpi Benukoro kpaapary 8x 8
YTBOPHBC MOBHICTIO Oinuii kBagpatuk 2 X 2,y skoMy MH (apOyemo Iie
Bl KITHHH (cBiTJIO cipi). Pazom Maemo, mo 3adapboBaHuMu cranu:

10-4 + 2 =42 xBagparukis 1x1.

Tenep nokaxkeMo, 110 OLIBITY KUIBKICTH 3adapOyBatu He MoxkHA. [lopsn
i3 3amannM kBagpatoM 8 X8 (Ha3BeMO HOTo «3aJaHMM») PO3IJITHEMO
KBagpar (X[, yTBOpeHMi iX IeHTpamu  (Ha3BeMO  MOro
«LeHTpalbHUMY). DapOyBaHHs JiaroHali KBaaparty 2X 2 y 3aJaHOMY
KBaJpaTi BIANOBiJAa€ IMPOBEACHHIO BIANOBIAHOI JiaroHaji y KBaJparti Puc. 9
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1x1 nenrpansroro kaapary (puc. 7).
Tenep HeBaXKO MOOAYMTH, IO Yy JBOX CYCIJHIX 1O cTOpoHi kBajaparax 1X1 menTpaneHOro KBagpary
JiaroHab MPOBECTH HE MOXHA. PO3IIISHEMO NPAMOKYTHHK 3 X 4 I€HTpaabHOTO KBAaApaTy, i IOKax)eMo,
10 B HbOMY HE MOXKHA MPOBECTH JliaroHai PiBHO B IMOJIOBHHI KBaApariB. SIKIIO I Tak, TO JiaroHaii
OynyTh mpoBeeHi y mectd kBaapatnkax 1x1. BuGepemo wotmpn keagpatu A, B, C, D, y sxux
MpOBECHI aiaroHani i cepen HuUX Hemae KyroBux (puc. 8). Ilokaxemo, 1Mo B yciX HHUX OJIHOYACHO
JiaroHaJIb TIPOBECTH HEMOXJIWBO. Hexail, Hampukiaa, MEpHIord OylIo MpOBEACHA aiaroHaib (ToOTO
nodapboBani Bi JiaroHanbHi KITHHKM y 3aJaHOMY KBaapaTi) y KBajpari A, Hampukiman, y ToMy
HaIpsMi, K 1e mokaszane Ha puc. 8. Toxi y kBagpari C nposecTn niaroHanb HeMOKIKMBO. TaKuM YMHOM,
y IPAMOKYTHHKY 3X 4 MokHaA mpoBecTn MakcuMyM 5 piaronaneii. Tenep po3i6’eMo Bech LEHTpaIbHHIA
kBazpar / X / Ha 4oTupu npamMokyTHUkH 3X 4 ta kBagpatuk 1x1, ax ue mokaszanme na puc. 9. Toni
MakcuMyM MokHa npoBect 5-4+1=21 niaromans, mo Bianmosigae 3adapOysanHio sk paz 42
KITIITHH.

11.4. B onykiaoMy YOTHUPUKYTHHKY X
ABCD 3 kyramu ABC Ta BCD J
piBHUMH 120°, O - TOYKa NEPETUHY /
niaronanei, M - cepenuna ctroponu BC / / ; \
, K - Touka neperuny BiapizkiB MO Ta \
AD. Bigomo, mo </BKC =60°. »\/
JloBeniTh, mo ~/BKA=_~/CKD =60°.
(Ceporok Hazap)

Pose’azanna. Hexait mpami AB ta CD
nepernHatroThess B Touni E. 3a  ymoBoro \

/BKC =60°. Josenemo, mo BK >%BC. A

Cnpasni, omun 3 kyriB ZKBC un ZKCB =me g :
menme 60°. He o6Mexyioun 3arajibHOCTI, Puc. 10 7
npunycrumo, mo e ZKBC (puc. 10). Toxi y ‘ !
ABMK ZKBM >60°= ZBKC > ZBKM . 3sincu MK >BM, omxe na sigpizky BK
suaiinerses Taka Touka O, mo MK - MO’ = BM 2 — MC?. Toxi omucani xonra ABO'K ta ACO'’K
norukarotses 1o BC . Omxe, Z/BKM = ZO0'BC, LZCKM = Z0O'CB. Toni

/B0O'C =180°- 20'BC - Z0'CB =180° - /BKM — Z/MKC =180° — 60° =120°

Toni Touxa O' manexwuts omucanomy xomy AEBC. Hexait npssma BO' nepernnae CE y D', a CO’

neperunac BE y touni A’. 3 snucanocti wotupukyranka BECO' maemo, mo (puc. 1)
/BO’E = Z/BCE =60°= ZEBC = ZEO'C.

Posrmstaemo tpukytauky AO'EB ta AEBD’. V nux nsi mapu xytis pisui. OTKe B TpeTiii mapi KyTu
pieui, To6T0 /BEO'= ZED'B. Toni £/BEQO'= Z/BCO’ = ZCKQO' = ZED'B. 38incu touka D’
Hanexuts ornucadomy kony Tpukytauka AKO'C . Amanoriuno, Touka A’ HaneXuTh OMHCaHOMY KOy
tpuxyranka ABKO'. Toni ZA'KB = ZA'O'B =60°= ZCO'D’' = ZCKD'. 11e o3nauae, mo TOuKH
A", K ta D' nexats Ha onsiit psimiii.

Touka O nexurs mech Ha Biapisky MK. Skmo us Touxa Bcepenuni Biapiska MO', To Touka A
nexuth BeeperuHi Binpiska A'B, a D - scepenmui CD'. Toxi Touka K nexwuts crporo 3a mexamu
tpuxyrhuka AEAD, ane 3a ymosoro touka K manexwuts Bigpisky AD i maemo cymepeunicTs.
Amnanorigso, sxmo Touka O posramopana moza MQO', To Touxkn A, D nexars mo3a Bimpiskamu EA’
ta ED’, T06T0 Touka K nexuts crporo Bcepemuni Tpuxyranka AEAD), 3r0By Maemo cymepeunicTs.

Ile o3mauae, mo O=0". Toxi A=A" ta D=D'. A Bxe O6yno JoBeneHO BHIIE, IO
ZA'KB = ZCKD' =60°, mo i Tpe6a 6y10 noectn, ockinekn A= A" 1a D=D’.



