Minicmepcmeo oceéimu i Hayku Ykpainu
Incmumym innogayiuHux mexnoni02iu ma 3Micny oceimu
Kuiscoxuu nayionanvnuu ynisepcumem imeni Tapaca [llesuenka

L1V Bceykpaincbka
OJIIMIIiaaa IOHMUX
MATEMATHKIB

Ilo Tebe, I'ocioau, B3uBaIo

I cnoaiBaHHs MUp1 MaroO —

[Ilo Ykpaina BuibHA OyJie

Bin munemipcTsa 1 00myau,

Bin 6e31yXx0BHOCTI ¥ 3HEBIpH
Jlronmis, ayiero 3a4epCcTBUINX,

Bin 3701 nomi Ta 6e3npan’s,

I TuX, SIK1 3aBXKIU JTYKaBJIATh,

Bing HeTepnuMocTi 1 3paju,

SIpma rpomen, MonoHy BIaau;

Bin dapucelictBa mxe-repois

I 36aiiTyk1710CTI1 JIFOACHKOT;

Bin tux, XT0 1yX BKpaiHCHKUI HUIIUTD,
3a0yBIIM BCe CBSTE Ta BUIILIE,

I Haue KpyKiB XuKa 3rpas

Bxpainy HaBmin po3puBaroTh,
Po30paty ciroun B Hac 3epHa...

Bin Bchoro 3ma, BCi€i CKBEpHU

3uinu, BeeBumnii Hac Biaaguko,
[I{o6 BiIBHUM cTaB HapoJ BeIukuii!!!

Hamania Kpicman, Jlveie

Kuis—2014



Tlepuwiuil oenwv

8 kiaac

8.1. BimomMo, 1mo A0 HaTypajdbHOIO YHcia N MOXKHA JIONHMCATH CIpaBa Oylb-sKY
HEHYJIbOBY TPy C 1 oAepkaHe 4YHCIO OyAe MUIMTHCSA HAIJI0O Ha C. 3HAWTITH
HANMEHIIIE 3HAYCHHS, SIKE MOXKE TPUKUMATH YUCIIO N.

(Pybavoe bozoan)

Bionogion: N =252
Po3¢’azannsn. IlomiTimo, mo skimo k guciay N gomucatu crpaBa nudpy C, TO MU OTPHMAEMO
yucno 10N+C. Jlna Toro, mo6 1e ymcio ainuiaock Ha C, HeoOXimHo i mocTtaTHbo, mO6 10N
ninunocs Ha C. To6To, M1 TOro, mo6 BUKOHYBaIachk yMoBa HeoOxiaHo, mo6 10N ninunocs Ha Bei
HatypanbHi uncno Big 1 1o 9. Jlng 6ynp-sxoro marypanenoro N umcno 10N 6yne ninntucs na 1,
2 Tta 5. Jlng noginsHOCTI Ha iHIII YMcIa, HEOOXIJHO W JOCTAaTHBO, 06 ynciao N ginunocd Ha 4,
7 ta 9. Ane Toni BoHO moBuHHO AiuTuch Ha 4-7-9 =252, Tomy menme nixk 252 ywmcno N
Oytu He Moxke. HecklnanHo NepeKoHAaTHcs, WO 4ucio 252 yMOBY 3a/0BOIBHAE, 4 TOMY €
[TYKaHUM.

8.2. JIBa xona y; Ta ¥, OJHAaKOBOTO

paaiyca MEepeTUHAIOThCS Y TOYKAX
A ta B. Kono y, 3 ueHrpom y

Toull A, NEpEeTHHae KOJIO J, Y

toukax C Ta D. [oBexmiTh, II0
TOYKA TEPETHHY KU1 y Ta %,

Hanexarts npsmum BC Ta BD.

(bineyvxuii FOpitt)
Po3e’azanna. llosnaunmo uepes L Ta B
N Touxu MEPETUHY ¥ Ta )/, , IPUIOMY puic. 1

MoxeMo BBaxatH, mo Toukn C Ta L
JIeXaTh 10 0AHy cTopony mpsmoi AB, aTouku D Ta N 1o inmy (puc. 1). Toai oueBuIHO, IO
AC = AL, ockinbku ne pagiycn kona ¥ . OCKUIbKH KOJIa , Ta ¥, MaroTh OJHAKOBHII pajiyc, TO

sricani kyrn ABC ta ABL 1ux xin cimparoTbes Ha 0JIHaKOBi XOp/IM, TOMY BOHH € PiBHUMH. 3
PIBHOCTI IMX KYTIB 1 BUIVIMBA€E TBEPKEHHS 3aAaul.

8.3. Uu iCHyIOTb HATypajlbHI 4YUCIA &, 8y, ..., 8yq14, I SKUX CHPABIKYETbCA
PIBHICTB:
a.l * 2013al + a2 * 2013a2 + . .+ a2013 * 2013a2013 == a2014 * 2013a2014 ’)
(Pybavoe bozoan)

Bidnogios: Takux 4yrcen HE iICHYE.
Po3¢’azannsa. bes oOMex)eHHS 3aradbHOCTI MOXEMO BBaXaTH, MO &y <a, <...<dy513< 14

3BIJKH BHIUTHBAE, O Ay3+1< 8,04 ToMy

a,-2013% +a, - 2013%2 +...+ @,y, - 2013%2013 <
< 8y015- 20137208 + @, - 2013°201 4+ @, 5- 201372018 =



4
=2013- 8,9;5-2013%0 = @, - 2013°2015 < (@,,,+1) - 20137201 < @, , - 201372034,

3BijicH 1 BUILJTUBAE, IO TAKUX HAOOPIB HE ICHYE.

84. a) Uu wmoxHa 00ifTH KIIITYACTY 1 20 | 5 16 9 14
oMKy 46 XOA0M IIaXOBOT'O KOHSI TAKUM
YUHOM, 1100 MOOYBaTH Ha KOKHOMY MOJI 4 23 2 13 6 17
piBHO 1 paz?
0) Uu MoXHa Npu UOMY LI€ 3pOOHUTH Tak, o1 | 12 | 19 3 15 | 10
o0 3 OCTaHHBOIO TOJII MOXKHa Oylo -

XO0OJO0M KOHA ITOIIaCTH Ha mo4yaTtkoBe?
Hlaxoeuti xinb Mmooice nimu Ha OyOb-siKe noie 24 3 22 11 18 7
OOWIKU AKWO 80HO PO3MAUOBAHE HA IHUOMY KIHYI
VKpaincovkoi nimepu ,, 1", mobmo cnowamky KiHb Puc. 2
nepecy8acmuvcs Ha 08I KIIMUHU NO 20pU3OHMANI

yyu no eepmukani, a O0an HA OOHY KIIMUHY NEPREHOUKYIAPHO
NOYAMKOBOMY HANPIMY).

Bionoegion: a) moxHa; 6) HE MOXKHA.
Po3é’azanns. a) lllykanuii npukiiag HaBeIeHUH Ha puc. 2.

6) JloBeeMo METOJIOM BiJ CympoTHUBHOTO. [IpuUmycTUMO BigmOBiTHUIMA
o0xix icuye. PozdapOyemo kmiTMHM [omiku y 4 KOIbOpH, SK L€ Puc. 3
nokazano Ha puc. 3. [loznaunmo konbopu — b (6inmit), U (qopumii), T

(remuo cipuii) Ta C (cBiTio cipuit). KniTua koxHOro xonpopy mno 6. baunmo, mo 3 xiaituau Y
MOJKHa Tonactu jume y kiituHy C, a Takox y KimituHy U MOKHA momacTé Tinbku 3 KiIiTHHA C.
Amnasoriuao moB’s3aHi koJibopu b Ta T: 3 kimitiH b MokHa momacTv TiIbKK Ha KIITHHH T, a TaKOX
Ha b MoxHa nonactu e 3 T. Bunumemo JaHIIOKOK XOAIB, SKAH 00XOIUTH JOMIKY MOTPIOHIM
yuHoM. Tozi 6ykBa U moBuHHA oTOUyBaTHUCh 3 000X OokiB OykBamu C. Tak camo nis 6yks b, siki
MOBHHHI OTOYYBaTuch OykBamu T, mpu yMOBI, 10 1€ HE MEpIIa YM OCTaHHSA KIIITHHA MapIIpyTy.
OckinbKM KOXHOI 3 OyKB Ha JOUINI piBHA KUIBKICTb, TO KOXHa OykBa Y He Moxe OyTu He
KpaliHboto, 00 Toa1 6 nitep Y noBUHHI 0TOUyBaTUCh NpuHaiMH1 7 OykBamu C, a ix ycboro 6. Takum
yuHOM — Y Ta b moBuHHI OyTM KpalHIMH Yy LIbOMY JIQHLOTYy. 3a NPHUIYIIEHHSIM 3 OCTaHHbOI
KIIITHHA MOXXHA TIOMACcTH Ha TIEpIy, ajie SKIIO BOHH MaroTh Kombopu U Tta b — e Hemoxnmse.
OpneprkaHa CynepeyHIiCTh 3aBepILye JOBEACHHS.

9 kjaac

9.1. 3agaua 8-2.

9.2. Aunpiii Ta Onecs rpatoTh y Taky rpy. CouaTky AHIpii po3CTaBIIsie MO KOy yCi
10 udp. Ilicna uporo Onecs Bubupae mudpy, 1 Big miei nudpu pyxaeTbes Mo KOy
3a pyXOM TFOJMHHUKOBOT CTPUJIKH, TPYMYIOUH MOCTIAOBHO mudpu no 2. Takum 4uHOM
YTBOPIOIOTHCS 5 ABOIM(PPOBUX yucend (ducio Ha KmrTanT 06 TakoX BpaxOBYEMO SIK
onuoruppose uucio 6). [licas uporo Onecst gogae 11 5 yucen 1 BUrpae onepKaHy
cymy y Arapis. Skuii HaWMEHIIUN TTporpall MOXe TapaHTyBaTH co01 AHIPii?
(Pybavoe bozoan)

Bionosion: 252 .
Po3e’azanna. Ilicnsa toro, sk Auzapiit BucraButh cBoi 10 nuugp no xomy, y Oneci € 1Ba BapiaHTH
oOpatu T’ATipKy umcen. Hampukian, sKIIO MO KONy y TOPSAKY 33 TOAMHHHUKOBOIO CTPUTKOO

3anucani Taki uudpu: 8, &y, ..., 8y, TO BOHA MOKE 00PaTH OJHY 3 JABOX CYM:



S, =ayay +a,a5 +...+agay abo S, =aya, +a, +...+a,a;.
3po3yMiJio, 10 BOHa o0epe OuTbIe 3HAYEeHHS 3 IBOX.
Tenep 3ayBaxxumo, 110

S +S,=a,a +a,8, +...+ 838, + 848, =10(ay +a, +...+ay) + (8, +a +...+ &) =
=11-(a, +a, +...+a,) =11-45 =495,
Takum 9MHOM cyMa IIMX JBOX BapiaHTIB oHakoBa. OCKIILKM BOHA 00Mpae OUIbIIE 3 IIUX YUCEIN, TO
AHJpIi TMOBUHEH TaKUM YMHOM PO3CTAaBUTH HHU(pH, 100 PI3HUIS MK LUMH 4YHUCIaMu Oyia

HaWMEHIIIOIO 3 MOXKJIMBUX. To/11 HAalOIbIIE 3 TBOX YKCEN 1 Oy/ae HAatMEHIITUM.
Temnep nmoGaunmo, 110

S, =a,a +a,a,+...+a,3 =10(a, +a, +...+a;)+(a, +a, +...+a,) =
=9(a,+a, +..+a)+(@,+a, +..+3,) =9(a, +a, +...+a,)+45: 9.
To6T0, KO’KHa 3 CyM KpaTHa 9, a TOMy iX pi3HHIS Tak caMo IoBUHHA 6yTH kpatHot 9. Ockinbku
cyMa LUX YHCeN HelapHa, TO PIBHUMHU BOHU HE MOXYTh OyTH, TOMY HaliMEHIIIa MOKIIUBA Pi3HULS

mixk HuMu — 11e 9. To6To 1i uncia nosuHHI gopiBHioBatn 252 Ta 243.
TakuM YMHOM, 3IMIIACTHCS HABECTU MPHKIAJ] PO3CTAHOBKM uMCelNl, 00 came Taki JBa 4YuCla

morna onepxkaru Onecst. Ockinbku 98+ 76 +54 +21+03 =252, 1o no xomy Amnzpiii moxe
pO3CTaBUTH uMcla, HanpukiIan, TakuM unaom: 9, 8, 7, 6,5, 4, 2,1, 0, 3.

9.3. Hexaii a,b >0 niiicHi uncna. Bizomo, 1o (a2 + bz)(a— b+1)>b. dosexirs, mo

a(a+b)=b.
(Ceporwox Hazap)

Po36’azanna. Ouesunno, mo npu a =1 mepinicts Bukonyerhes. Hexait @ <1 i npumycrumo, 1mo
2
a(a + b) <b. B Takomy Bumamxy b > 1a_—a. JloBemeMo, IO TIOYaTKOBAa HEPIBHICTH HE
BHUKOHYEThCS. SIKIIIO BOHA MPaBUIIbHA, TO
a’+a’>b’-b*+b—ab*+ba’ =
2 12
=b(b-1)?+(L-a)b® +ba® >b(b—1)? +2ba® > D" 4 2ha?.
-a
Ockinpku @ >0, To

1+a>82 1 oh 1-a>(b-1)’ +2b(1-a)=b?+1-2ab,

2 2
sgigkn 0>b? +a° —2ab = (a — b) — cynepeunicts. Omxe, b <&, mo i TpeGa Gy:o mosect.

9.4. Slky HaWOUIBIIY KIJbKICTHh KYTHKIB 3 TPHOX KIITHHOK (pHC.4)
MOKHa PO3MICTUTHU BCEPEAMHI KIIITYACTOro KBaapara 7 X/ Tak, 100
BOHU TOMApHO HE JOTHKamucs cropoHamu? (JloTUkaHHS KyTamu
MIPUITYCKAETHCS.)

Puc. 4

(Hopnuti Makcum)

Bionosgios: 9.
Po3e’azok. llpuknan ans 9 xyTiB 300paskeHO Ha puC. 5.
JloBenemo, 110 OLIBIIY KUIBKICTh KYTIB PO3MICTUTH HE BAAcThes. [IpumycTumo, 1o Mu po3micTiiiu

10 KyTUKiB Tak, 100 BOHH 3a/10BOJIBHSIIN YMOBI. Po3rinsiHemo koxeH 3 Hux. [TodapOyemo HacTymHi

BIJIPI3KH, SIK 1€ MOKAa3aHO Ha pHC. 6 — TYT CTOPOHY MaJICHHKOT'O KBaJApaTy BBaXKa€MO PIBHOIO %,
TOOTO MU OMHUYHI KBaJpaTH po30MiIn Ha 4 MEHIINX PIBHUX KBaJPATHUKH.
JJis KO’KHOTO 3 KYTHKIB 3arajibHa J10BXkHHa nodapOboBaHuX BiApi3KiB ckiafae 11, Tomy ix 3arajibHa

nosxuHa cknagae 110. [Ipu poMy, sIK JI€TKO 3p0O3yMiTH, B JKOJHOI NMAapy KYTUKIB HEMA€ CIIJIBHUX
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nodapOoBaHMX BiAPi3KiB, aje BIAPI3KA MOXKYTh BUXOAMUTH 32 MEX1 KBapaTy (a came Ti, 0 HAYTh
3 CepeHiIX CTOPIH).
Tenep po3rasHEMO OAHY 3 CTOPiH BeNHUKOro KBajapaty. [TodapOyemo
Ha HIA BCl BIIPI3KM, SKI HE HaJEKaTh CTOPOHAM KYTHKIB — iX
3arajibHa JIOBXKMHA SK MIHIMYM 2, II0 HEBaXKO 3pPO3YMITH 3 TOTO,
10 KYTUKH HE MOXYTh JOTHKATHUCS CTOPOHAaMHM, a iX HaiOinblna
CTOpOHA JIOpPIBHIOE 2; OYEBUIHO, 110 BOHU He Oynu mocdapOoBaHi
panime. Takoxx 3iTpeMO BCi BiApi3KH, SKI BHXOASATh 3 CEPEIUH
IBOKJIITUHHHAX CTOpIH KYTHKIB 1 BUXOAATH 3a MEXIi KBaJpara,
IpUYOMY OJHMH KiHEUb SKUX JIOKUTh HAa LIl CTOPOHI KBajapara —
OCKUTPKM TaKUX KYTHKIB JUIsI JTAaHOi CTOPOHH He Oinpiie 2, TO
3arajbHa JOBXXKMHA CTEPTUX BIAPi3KiB Oyme He Oumbmie 1. Takum
YMHOM, CyMapHa JOBXKHHA BIJIPi3KiB 3pociia HE MEHII, HDK Ha 1.
OCKiJTbKH € BChOTO 4 CTOPOHM KBaJpaTa, TO BOHA 3pOCIia MiHIMYM Ha
4 1 crama minimym 114. Ane Bci BiApi3kd Temep WIyTh MO JIHISIM CITKH
KBajlpaTa, HE CIIBIAJAIOTh 1 HE BUXOJATH 3a HOrO MeXi. Ajle y TakoMy
BUIMA/IKY iX JOBXHHA HE MOXKe OyTH OibIle 32 CyMapHY JOBXHHY BCIX JIiHIH
ciTku kBazapara, a came 2- 7 -8 =112 <114 . Cynepeunicrs.

Puc. 5

10 xkaac

N . . Puc. 6
10.1. Jlns sikoro HAMOUIBIIOrO HATYpPaNIbHOTO N icHye Habip 3 N e

HATypaJIbHUX YHCEl, AKUH Ma€ TaKy BIACTHBICTh: CEpell UYncen

Ha0Opy PIBHO OJIHE YMCJIO AUIMTHCS Ha N, PIBHO JBa yucia AUIIThCA Ha N—1, 1 Tak

aaui, piBHO N—1 4rcio 3 mboro HabOPy AUTUTHCSA HA 2 1 ycl N Yucen aiasaThes Ha 17
(Pybavoe bozoan)

Bionogion: N =5.
Po3e’sazanna. CrnouaTky HaBeneMo InyKaHumii npuknag mis N=5. Hanpuknax, ymosy
3a10BONIBHAIOTH Taki uncna: 60; 12; 6; 2; 1.

[Ipunyctumo Takuii Habip icHye mpu N> 6.
Toxi N—1 uucno minmutees mHa 2, N—2
ypcia aiiaThes Ha 3. ToOTO ofiHE YHCIIO He
TMThCS HAa 2 1 JBa HE JUIATHCS HA 3,
TOMY MaKCUMyM TpH YHCIla HE AUIATHCS Ha
6, Tomy minimym N—3 uncna kparui 6,
ajle 3a YMOBOIO iX IOBHHHO OYyTH PIBHO
N—5. Onepxana cymepeunicts 3aBepirye
JIOBE/ICHHS.

10.2. Kono y omnmcaHe HaBKOJIO
rocTpokyTHoro TpukytHuka ABC,
AD Tta AL - i#oro Bucota Ta
OicekTpuca BiANOBIAHO. [lo3Haunmo
yepes W, T, A jpyri TOYKH
NepeTuHy 3 KoinoMm y npamux AL,

WD, TL sigmosigHo. [doBexmiTh, IO
AA" — niameTp Koja ¥ .

(Poockosa Mapis)
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Po3¢’azanna. Sxmo AB= AC, to TBepmxeHHs oueBuane. [HaKIIe, CIOYATKY IOKAXKEMO, IO
ZTAL=ZTDB (puc. 7). iiicuo,
ZTAL = % UWT , ZTDB = % (UTB+WWC) z%(UTB +MB) = % uTW

ockineku AL — 6Gicexrpuca, tomy ZBAW = AWAC, s3pinku UWC = MB . 3 nosenenoi
pisaocti ZTAL+ ZTDL =180°, tomy Touku A, T, D, L nexars na omgmomy xomi. Toxi

ZATA=ZLTA=LDA=90°, 3Binku it BUIIIMBa€e MOTPiOHE TBEPIKEHHS.

10.3. Uu icHye reoMeTpuuHa Mporpecis HaTypalbHUX uucesn by, b,...0,0, 13
3HAMEHHUKOM BigMiHHUM Bif 10, sika 3a70BOJIbHSAE TaKy YMOBY: YHCIIO bi .1 Maey
CBOEMY JIECATKOBOMY 3alMCl PiBHO Ha OHY Ludpy Oinblie, HOX yucio by ms yeix |

Big 0 mo 2013?
(Pybavoe bozoan)

Bionosios. icHye.
Po36’azannsn. Po3B’shkeMo 3amady Ui JOBUIBHOTO CKIHUEHOTO HaTypalbHOro N i1 mporpecii

by, by, ..., b,

Bu6 b, =10%" K 04
noepemo , Ie HaTypalibHUH nmapaMeTp K BU3HAYMMO Mi3HimIe, Ta (| = . Toni

b boq _%_10"” k|(10k+1+1) 0<i<n.

Jliist TOro, 100 BUKOHYBAIKCh YMOBH 33j1adi, JocTatHko, mo6 V1 =0, N Bukonysanack ymoBa:

1Okn+i < bi :1Okn—ki (10k+1 +l)i <1Okn+i+1.
CrovaTky mOKa)keMo, 110 JIiBa HEPIBHICTh CIIPaBIKYEThCS VK € N, niiicro
10kn+i :10"”"“ '1Oki+i <lokn—ki (10k+1 +1)i —b
Tenep 3HalieMo 3a SKHX YMOB MOKE CIPaBI)KyBAaTHUCh ITPaBa HEPIBHICTb.

bi :10kn—ki(10k+l+1)i <10kn+i+l o (10|(+1+1)i <10ki+i+1 o (10k+1+1)i <10(k+l)i .10
=S (12’:;1*1) <10 & (1+ kﬂ)- <10.

SAxmo Bu6patu K , mo 3am0Bonbuse ymoBy | < 10% , TO OyZIeMO MaTH TaKy HEpiBHICTb:

1+ ) < (1+ L <10,

e . . . n
I[J'If[ 11 AOBCACHHS, JKIIO HE BUKOPUCTOBYBATH BJIACTUBOCT1 IMOCI1IAOBHOCT1 (1+%) , MOJXHa

. . 10k+1 i
MpOBeCTH Taki MipkyBauHs pu M = :

1 \m_ 101 1 0~2, 13 1 ~m
(1+E) —1+ECm+FCm+ﬁCm+...+m—mCm <

L -2 OB 2 - - 2) - ) <

TakuM uuHOM, mO6 1A HepiBHicTh chpamkysatack VI=0, N, Tpeba mo6 BuKOHYBanach

. k+1 ;
nepisricts N <10°™ . Ile € nocTaTHROO yMOBOIO s BUOOPY MOTPiGHOTO 3HAYeHHs K .
Tenep moBepHeMoch A0 TouyaTkoBoi 3afaui, y skiii N=2014. Jlocratnro o6patu K =3.

Ockinbku 2014 <10000 =10", to st mporpecii 3 ny1b0BIM WieHoM by =10%%014=10%%% 14

10001

3HaMEHHMKOM ( = <00

BUKOHYIOThCSI TOTP1OHI YMOBH.
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Anvmepnamugne po3e’azanna. Hexail, sk 1 panime, ( — 3HaMeHHHMK mporpecii. Hexail mis

k . "
IEAKOT0 HaTypadbHOTO K BHKOHyeThcsS yMmoBa: by =10". Jins icuyBauus wrykaxoi mporpecii
JOCTaTHBO 1CHYBaHHA Takoro (|, 100 BUKOHYBAJIUCh YMOBHU:

10" <byq' <10*'** byq' €N, i=0, 2014. (1)
Toni, 3 ypaxyBaHHSM 3HAYECHHS b0 , lIepI1y YMOBY MO’KHA 3alIMCaTH TAKUM YUHOM:
i+1
10' <q' <10 a60 10<q<10 ' , i =0, 2014. )

2015
[Tinbepemo ( Ttakum, 1m0 3am0BOdbHAE yMOBY 10 < <10?° . Toxi aBTOMaTU4HO BUKOHYIOTHCS
2015 i+1

yMoBH (2), ockimbku (<1024 <107 <& 2B i,

MPOCTO MepeBipseThCs. s bOro 10CTaTHHO 3HAMEHHUK Iporpecii (] IyKaTH y TaKOMy BUTIISIL:

q=10,00..01=10+10"P",
\ﬁ,_J

p
2015

3po3ymino, mo Take P icuye, 60 102 >10, a q=10,00...00—->10 npu P —> o0, TomMy
p

a OCTaHHSI HEPIBHICTH ISl HATypaJlbHUX |

3HAUAEThCS ITYKAaHC 3HAaUCHHA p .

. . i
Tenep 3amumiaeTscsi AOCATTH YMOBH HATypallbHOCTI WIEHIB mporpecii, ToOTO boq eN, Tyr

JIOCTaTHHO BUOpATH b0 =10%(p+D)

TBepKeHHs ToBeICHE.

10.4. Hexaii € 3B’s3umii rpad 3 Bepumnamu A, A;,... A,. [loznaunmo d;

HallMEHIy KUIBKICTb pedep, sIKl HEOOX1JHO MTPOMTH, 00 AICTaTUCS 3 BEPIIUHU A y
BepiunHy A;. 3HaiaiTh HailOLIbIIC MOXIIMBE 3HaUYCHHS cymu: D = >4, i

I<i<j<n
. . 1 2
Bionogion. cn(N" —1). A, A A,
Po3é’azannsa. Posrnsuemo Takuil rpad, mio
Mae MakCHMalbHe 3HadeHHs D (abo omun 3 A
Takux rpadis). ko B 1ipoMy rpadi € UK, Puc.8

TO BHJIY4YUMO 3 HBOTO pebpo, Tpad

3QIMIIUTBLCA 3B°I3HKMM, a BemurHa D npunaiiMui He 3MeHmyeThes. [IpoIoBKyOUM TAKUM YHHOM,
0JIepKUMO 3B’sI3HHM rpad Oe3 nukiiB, TOOTO AepeBo. Bimomo, mo B TakoMy rpadi 3HaWIEThCA
X04a 0 1Bl BUCSUl BEPUIMHU (TOOTO BEPIIMHU CTEMIHb IKUX JTOPIBHIOE 1).

[o3Haunmo j8i Bucstai Bepuman A, ta A, . Hexaii

n-2 n-2
=Z02fThn GO0 - 0—0

Mosnaunmo d =d, ;. Ilepemamoemo rpac Puc. 9

TaKUM YMHOM, SIK T[I0OKa3aHO Ha pwuc. 8.
OGYUCITMMO, K 3MIHUTHCS TIPU [IbOMY 3HadeHHs D .

A=a+n-2+1-p-d=(ax-p)+(n-1-d).
Ockinbku & > f, 10 A>(N—1) —d . I sxumo tenep d <N —1, o Mmu mMoskemo 36itbmmTd D |

OCKiJIbKM HECKiHYEHHO JOBrO MH HE MOKeMO 30impmryBaty D, To mMu mpuiizemo 10 BHNaaKy



9

d =n -1, ane Toxi rpad — mammor puc. 9. Tomy D < Z| I — J| i ue 3nauenns nocsraerbes
I<i<j<n
Ha JaHILIOTY. 3aIHIIAEThCA HOr0 OOUUCIIUTH:

D< Sli-jl=1+@+2) 4.t @+2+...+(n-1)="0D

I<i<j<n
11 kaac

11.1. 3HaiiniTh yci 3HAUCHHS apaMeTpy &, MPH SIKUX HEPIBHICTh

Ix—a+a-x2 <y2x—2x2

Ma€ €TUHUN PO3B’A30K y NIHCHUX YUCTAX.

(Pybnvoe bozoan)

Bionosion: a {0, 1}.
Po36’azanna. SIK1o No3HaYUTH TPU BUPa3U

A=x-a, B=a—x*ta C=2x-2x?
TO 3 YMOB 33j[a4i Ma€MO TakKi JB1 YMOBH:

JA+B <+/C 1a 2A+2B=C.

[Ticns migHECEHHS 10 KBaApaTy HEPIBHOCTI OJCPIKUMO, IO

A+2JAB+B<C=2A+2B < 2JAB<A+B.

OcCTaHHS HEPIBHICTH BHMKOHYETHCS IIPH yciX MoxiuBux 3HaueHHsx A, B. Takum umnom
po3B's3koM HepiBHOCTI € 11 OJ13. BoHO 3a1a€ThCsl TAKUMU TPbOMa HEPIBHOCTSIMH::

X>a,a>x"ta X>x°.
3posymino, mo a=>0, kpiM TOro cCHpaBIKYeTHCS yMOBA: a<Ja = ae[0;1]. 3a Takux

3HAa4YCeHb Mapamerpa & pO3B’SA3KOM HEPIBHOCTI € MHOKHMHA A < X <4/, TaKUM YUHOM €IHHHN

PO3B’SI30K IIiel HEpiBHOCTI 6y/e 3a yMOBH & = Ja , to6ro a {0, 1}.
11.2. 3agaua 10-2.

11.3. JInsa sxkux HaTypadpHUX N >3 icHye HaOlp npAMOKyTHUKIB Q, Q,, ..., Q,, ski
MalOTh TaKy BJIACTUBICTh: Oy/b-IKUH 3 UX NPSIMOKYTHHKIB MOKHA MOKPUTU YyCIMa
IHIMMHU N —1-M OPSIMOKYTHHKOM 3 IIbOTO HA0OpYy, ajie HE MOYKHA TOKPUTH HISIKUMU
N—2-mMa IHIIUMH TOPSAMOKYTHHUKaMH 3 1poro Habopy? (IIpsMOKyTHUKH MOXHa
pO3TallOBYBaTH B OYyJb-IKOMY 3 JBOX IIOJIOXKEHb, MPU SKUX IX CTOPOHU €
napajieJIbHUMH JBOM 33JIaHUM MEPIEHANKYISIPHUM MPSMUM ).

Bionogiowv: JIns nosipHOTO N .
Po3ze¢’azanna. Hexali NpAMOKYTHUKH MarOTh PO3MIpH & X bi 1= ﬁ . JUId BUKOHAaHHS yMOBH
He0OX1HO, 11100 CTOPOHU MPSMOKYTHHUKIB 33JJ0BOJIbHSIIA HEPIBHOCTSIM:

a<a,<..<a,<b <b, ,<..<b.
[Tokaxkemo gaiti, IO JOCTATHRO MO0 BOHM 330BOJIBHSIIN TaKi YMOBH:

b, +b;+...+b,, <b; <b, +b; +...+b,, 1)
b, +b, +...+b, <b, <b,+b, +...+b, +a, 2)
b, +b;+...+b,+a, <b; <b, +b; +...4+b, +a, +a,,
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a, +a, <as,
bs +...+b, +a, +a; <b, <b, +..+b,+a +a, +a;,
a+a,+a;<a,,

b,y +...+b,+a,+a;+...+a, , <b <b ,+..+b +a +a,+..+a 4, ()
a+a,+..+a_,<a,, (4)
b,+a,+a;+...+a, ,<b, ,<b +a +a,+...+a,,
a+a,+..+a, ,<a,
a+a,+..+a, ,+a,,;=a,. (5)

[Tapa uepiBuocreii (3), (4) rapantye, MO IPIMOKYTHUK aq, X bk HE BAACTbCA MOKPUTH MEHII HIX

N —1-m npamokyraukom, a N—1-m — Baactees. [losicuumo, YoMy 1e Tak. Bygemo rosopuru, mo
IPSIMOKYTHUK PO3TAILIOBAHO 2OPUSOHMANIBLHO, SIKIIO MO0 TOPU30HTaIbHA CTOpPOHA HE KOpOTILIA 32

by

Q | A1 By 11

B SRR

Puc. 10

BEPTUKAIbHY, U 6epmuKkanbHo y TMPOTWIEKHOMY BHMNaAKy. byaemo BBakaru, 10 IPSIMOKYTHHK
a, xb, posramosano ropusontansHo. ToAi NPAMOKYTHHKAMH, IO 3&IMLIIMIACA HOTO MOXHA
MOKpUTH HacTynHUM 4uHOM (puc. 10). 3 iHmoro 00Ky, MeHIIoi KUIBKOCTI NMPSIMOKYTHHKIB HE
BUCTa4uTh. JlificHO, AKWO SIKiCh 3 MpsMokyTHuKiB & XDy, ..., &, ; xD,_; posramosysaru ne
BEPTUKAJIBHO, & TOPU30HTAIIBHO, TO JOBXHH iX BEPTUKAJIBHUX CTOPIH HE BUCTAYUTh, 1100 MOKPUTH
BEPTUKAJILHY CTOPOHY NPAMOKYTHHKA & ><bk , OCKUTbKHM CHpPaBIKYEThCS HEpPiBHICTH (4), a Toxi
BCEPE/IMHI HBOrO HETOKPUTOK BCE OJIHO 3ATMIIMTBLCA JEAKa CMyKKa JOBKUHOW D , sxy iHmmmu

MPSIMOKYTHUKAMU TIOKPUTH HE BIACThCA. A TOJi, MAKCUMaJlbHA CyMa TOPH30HTAILHUX CTOPIH OyIie
SIK pa3

b, +b,+.. 4D, +a, +a5+...+ a4,

wo 3a yMoBoto (3) Menure Hixk Dy .
Habip nmpsMOKYTHHUKIB, 110 33/I0BOJIbHSE HALIMM HEPIBHOCTSAM, MOXHA MOOYAyBaTH HACTYITHUM
ypHOM. CIIOYaTKy MOCTiZOBHO 00MpaeMo @, @, ..., &, TakK, 00 BHKOHYBAINCh HEpiBHOCTI (4)

npu yeix K =2. n—1ii &, 3 ymosu (5). Jani subepemo b, =@, , micxs goro nocminoHo Gyaemo
obuparu wucma D, 4, B, 5, ...,0; Tak, wo6 BoHM 3amoBONBHSNM HepiBHOCTAM (3) TIpHM

k =3, n—1, a gani uucno bz , III0 32JI0BOJIbHSE YMOBY (2) Ta YUCIIO b1 3 HepiBHOCTI (1).
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11.4. Yu nns AOBIIBHOI CKIHUEHHOI MIJIMHOXXKUHM A HaTypajdbHUX YHCENl ICHYE
MPOCTE YUCJIO P Take, MO JJIs KOXKHOTO Yhcia a, [0 HAIeKUTh A, 3HAUIETHC

HATypaJlbHe YHCIO X TaKe, IO X° —a: P, ane X He JiINThCA HaILiIo Ha P ?
(Kiesa boeoan,).

Bionoegios. Tak, mis JOBUIBHOI.
Po3¢’azanna. IloxaxxeMo, 10 11 JOBUIBHOI CKIHUEHHOI MIIMHOXHHU icHYe noTpiOHe P . Hexait

T — MHOXHMHa BCiX THX NPOCTHX YHCEI, AKi € ALIbHUKaMu Xoda 6 oxHoro umcna 3 A. Tak, sk
MHOkHMHa A — ckiHYeHHa, TO | — Tex cKiHueHHa. 3a Teopemoro Jlipixye icHye mpocTe YmcIiIo

surnsaay P=K-| 4- ][]0 |+1. Hokaxemo, o Le IpocTe YUCIO HAM i AXOMHTS.
geT

3 Bu3HAYeHHs [) BUIUIMBAE, WO s noBinbHoro (€T cumson Jlexanapa (% )z (% )z (% )=l.

P mae ocraay 1 no moaymo 4, Tomy mepiia 4acTMHA PIBHOCTI CIiAy€e 3 KBaAPATUYHOTO 3aKOHY
B3aemuocri [ayca, a apyra 3 Toro, mo P aae ocrady 1 no moayio (. OTxke, KOKHE IIPOCTE YKCIIO
3 MHOKHHM | € KBaJpaTUYHUM JIMIIKOM 110 MOAYJII0 [ . AJsie % KOXKeH eneMenT 3 A € 106yTkom

SKUXOCH €JIEMEHTIB 3 | , TOMy caM € KBaJpaTHYHUM JIHMIIKOM, a II€ i BUMArajuocs Bij p.

Jpyeuti oenwv

8 kiac

8.5. € N>3 mumaynx HipOK, KOJHI TPU 3 SIKUX HE JIe)KaTh HA OAHIN mpsiMiil. Muii
IpaloTh y Taky rpy. BoHr MoBUHHI 1O 4ep31 BUOIraTH 13 CBOIX HIPOK 1 OI'TH CTPOTO
0 MPAMIN 10 OJHIET 3 TUX HIPOK, SIKI 3HAXOJATHCS Ha MAaKCUMAaJIbHIN BiICTaH1 BIJ iX
BJIaCHOI HOpW. Muilla, NUIAX SKOI Ma€ MEPETHYTH B JEAKIA TOUlll, BIAMIHHINA BiJ
HOpH, IUIAX IHIIOI MUII, IO BXKE€ MNpoOirja mepej LHUM, 3aJIHMIIAETHCA HA MICI.
[Topsinok, 3a sSIKKM BOHU OIrar0Th, MUIII BUOMPAIOTH Ha CBIN PO3CYI.
a) Slxa MakcuMasbHa KIJTBKICTh MUIIIEH 3MOKEe MPOOITTH CBIM NUISIX 32 TAKUX YMOB?
0) SIxa MiHIMaJIbHA KUIBKICTh MUIIIEH Ma€ MPOOITTH CBiil IIJIAX 32 TAKUX YMOB?
(Jlucaxesuu A., Pyonvosg b.)

Bionogiov:a) N;6) 1, ina N#3 ta 2, uia N=3.
Pos¢’nzannn. a) Hexait AAA,A; — piBHOCTOpOHHII

TpUKyTHUK  (puc. 11),  Toukm AL A, LA
pO3TalIoBaHi Ha JAy3l Kojla MaJeHbKOro pajaiyca Ouis
OCHOBH BHCOTH, mpoBefeHoi 3 Bepuman A;. Toni

crouyaTKy mnpoBoiaThca N—3  Biapisku ASAJ-,
J=4,n, saxi TOKa3ylOTH  MapHmpyT  MHuIIeH
A, A, ., Ao A pani muma A GixuTH 10 HOPKH
A,, muma A, Gixurs 1o Hopku Ag, Muma A; GixuTb

0 HOpkH A . Puc. 11

) Hexait N >4 . PosrisiHEMO po3TallyBaHHsS MULIEH Ha
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koni paniyca 1. Ilpu upomy mumi A ta A, yrBOprOrOTH ropusoHTanbHHI iamerp (puc. 12).

Touxka A3 po3TarioBaHa y HIDKHIM TOYIll IIbOTO KOJIA,

pemrra Todok A, A, ..., A, posramosani Ha Koui A, As A
OUTSI TOYKH, IO JiaMETPAIbHO MPOTUJICKHA TO TOYKH \\ e /
A;. Toxi 3po3ymino, 1O SKIIO HEPIIOH HPOGIKHUTE "

MHIIA 3 HOPKH A, TO BOHA NPOKPECIHUTH JiaMeTp

Al AZ [Ticnms 1mpOTO 3a TpaBUIAMH JKOJAHA MHMIIA

MpoOIrTH BXKE HE 3MOXE, OCKIJILKM HaWB1IaIEHIIIIO A1 A2

wis A, e muma A, s mmmeit Ay, A, L A, -
A, a i Ay — omma 3 mmmeit Ay, A, . AL

KoskeH 3 Takux BiApi3KiB MEPETHHAE BXKE MPOBEACHUI
miamerp A A,, a ToMy He MOXe GYTH IIPOBEACHHUIA.

Just N=3 sposymino, mo xomui 3 Bimpiskm we i """""""""
MEePETUHAIOTHCS IO BHYTPIMIHIX TOYKaxX, a ToMy Oyne Ay Puc. 12
MIPOBE/ICHO K MiHIMYM 2 BiJIpi3KH.

8.6. 3HaiiniTh yci kBaapartHi Tpuwienn f(X)=ax’ +bx+c 3 minumun xoedirienramu
a, b, C, sAKi TSI KOXKHOTO JIHCHOTO YKCia X 3aJ0BOJIBHSIIOTH HEPIBHOCTI:

1x%+2x+2016 < f(X) <2x* +6x+2020.
(Anikywun Anopii)

Bionosios: f(X)=(X+2)?+2014 = x> +4x+2018.
Po36’a3annsn. Buninimo TOBHI KBaIpaTH Y KOKHOMY KBaJIpaTHOMY TPHWICHY 1 OyJIeMO MaTH, IO
JUTS yCiX MIACHUX X TTOBUHHI BUKOHYBATHCh TaKi HEPIBHOCTI:

1(x+2)*+2014< f(x)<3(x+2)* +2014.

3posymino, mo napaGona nounna Math Takuit Burnsn: T (X) =a(X +2)% + 2014, ockinbku B
touni f(—2)=2014 i Bona moBunHa mMat B Touni X =—2 BeplMHY. 3Ha4eHHs B TOYII

OuYEBHJIHE 3 HABEIEHUX HepiBHOCTEH. SIKIIO * BepuIMHA HE B Lil TOYMi, TO Mapaboja mpuiimae
smauenns i wmenme Hik 2014, mo cymepeunts 3amamiii mHepiBHOcTi. TakuM YHHOM

f(x)=a(x+ 2)2 +2014, 3Bimkm mng yeix JiicHUX X HOBMHHO CHPABIKyBaTHCh yMOBA:
%(X +2)?<a(x+2)*< % (X+2)%. 3posymino, MmO e€IMHe Mife 3HAYEHHS, IO HOMY

3agoBonbHse — e & =1 i mykana mapa6ona Mae BUTIIL:

f(X) = (x+2)% +2014 = x? + 4x + 2018.

8.7. Ilpo mpocrti uncna p,q,r Bigomo, mo yucia pg+1, pr+1, gr—p — € TouHUMH
KBaJpaTaMy LIMX 4ducels. JloBenitTh, Mo yucio P+2qr +2 — TeX TOYHUM KBajpar

I1JIOTO YHCIIA.
(HYopnuu Makcum)

Pose’szanns. Hexait pg+1=a’, pr+1=b® aco pg=(a—-1)(@+1), pr=(b-Db+1).
a-1=1,

3 mepuioro piBHSAHHS OYEBHJIHO, 110 abo a0o0 oJiHE 3 Yunceln {a—l; a+1} JIOPIBHIOE

a+1l=pq,
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P, ainme — (.Y nepumomy Bunagky Maemo PQ = 3, 4Oro JUIs MPOCTHX YUCET OyTH HE MOKE.
Tomy | p—Q|= 2. Ananoriuno 3 apyroro piBHsHHsS Maemo | P— I |= 2.
3 OCTaHHIX JBOX YMOB Ma€EMO TaKi BUTAJKU:
1) p=q—-2=r+2; 2) p=q+2=r-2; ygq=r=px2.
VY nepummx JBOX BUIAJKaX MH MAaeEMO TPH IMOCIIJOBHUX HEMAPHUX YHCIIA, KOXKHE 3 SIKUX TOBUHHO
OyTH IPOCTUM. 3 IOJIILHOCTI Ha 3, OYEBHIHO, IO LI MOBMHHI OyTy uncia 3; 5; 7. Tpiiiku uncen

(5;3,7) i (5 7; 3) niiicHo 3a10BOBHSIOTL YMOBU 3aiadi. Be3nocepeiHbO0 TEPEBIPKOD —

TIEPEKOHYEMOCS, IO BOHM 3a/I0BOJILHAIOTH TAKOXkK BUMOTY, To6T0 P+2Qr +2=49 = 7°.

Y TpeThbOMy BHIIQAKy PO3IJISIHEMO BCI TPIMKM MPOCTUX YHUCEN BUTISAY (p; p- 2 p—- 2) Ta
(p; p+2; p+2). lepuum aBOM JaHAM yMOBAM BOHH 33aJ0BOJIBHAIOTE. TaKoXk 3p03yMilo, 10 B
IUX TPIHKaX HE 3yCTPIYAeThCs MPOCTE YUCIO 2 .

Hexaii, couatky =F=pP—2. Toni qr—p=0°—g—2=m’, OCKiIbkH 32 yMOBOI) BOHO €
Tounum keajgpatom. Tomi M<g<m<qg-1 i g°-q-2<g*-2q+1, To6T0 (<3.

[lepeBipKOK BIEBHIOEMOCH, 10 3HaueHHs (| = 3 MiAXOmuTh. 3BiACH MAEMO TPIKY MPOCTHX YHCEN
(5; 3: 3), s saxoi P+ 2qr+2=25="5%.

V Bumagky =F = P+ 2 ananoriuso maemo ° —( +2=m?, a6o <—1 — cynepeunicts.
OTxe, BCi BUIAKK PO3IIIAHYTO.

8.8. Ha mpsimiii 3:11Ba HampaBo postamoBadi Touku A, D ta C Takum 4uHOM, 110

CD =2AD. Touka B 3anoBonwphse ymoBu ~ZCAB=45° ta ZCDB =60°. 3naiiaith
rpagycHy mipy kyta BCD.
(I'epacumosa Temsna)

Bionosion: /BCD =75°,
Po3¢’azannsa. Tlposememo mnepnengukymsp CH 3
touku C ma Bigpizok BD (puc. 13), a Takox Bimpizok
AH. Hexaii AD=x, CD=2X. Tomi wmaemo
/DCH =30°, 3pimku DH=x i AADH -
piBroGenpennit.  Ockimekn ~ ZADH =120°, 1o
ZDAH = ZAHD =30°. Tomy ZHAB =15°. Kpim
toro ZHBA=15°, to6t0 AABH - pinoGeapennii,
tomy AH =BH . Ockineku #HAC =30° = ZHCA, 10
AAHC pisrodenpernii, i AH=CH , tomy ABHC A D C
TaKOX PIBHOOEPEHUH 1 IPIMOKYTHUH, 3B1ICH

/DBC =/HBC = ZHCB =45°,
i octarouno maemo, mo ZBCD = ZDCH + ZHCB =45°+30° =75°.

9 kjaac

9.5. Jlna AKMX HaTypajdbHUX N ICHYIOTh 4YUCIA 8y, &y, ..., d,, 110 3aJ0BOJBHAIOTH
YMOBH:
a+a,+..+a,>0Ttaa’+aj+..+a’ <0.
(Pybnvoe bozoan)

Bionoeios: nns ycix N> 3.
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Po36’azanna. 3posymino, mo mis N =1 rakux umcen He icHye.
s N =2 maemo, 1m0 q +a, > 0. SIkmio BoHM 0OM/BA JOAATHI, TO OAPA3y MAEMO CYIEPEUHICTh.

SAxmo g > 0> a, = —b,, T0 AN momaTHMX umcen Maemo HEpIBHICTB: & > b2 , 3BLOKH

8.13 > b3 =—a§, a Tomy i af+a§ >0.

Jns N =3 Taki uncna icHyrots. Harmpuxnan, = -1, a,=a; = % Tomi & +a, +a5 = % >0,a
3 3 3_ .8 _ 11

a +a;+a =-1+2-5=—5<0.

Jns N>3 MoKHA HABECTH TAKWUii OpUKIaN: &y = -1, a, =az = %, a=...=a,= 0, sxui

OUYEBHUTHO 33JI0BOJILHSIE YMOBY.
A00 OUTBII 3MICTOBHHI MPUKIIAJ, SKHUH HE MICTUTh HYJIbOBUX YICHIB:

a=-1a,=..=a,= ﬁ . Jlns uporo Habopy:
— 1401l _ 1
yt+a,+..ta, =-1+=5=-">0.
3,43 3 _ 1 _ (n=2)+1 _ 1 1 1,1
a+ay+..+a, =-1+(n-1)- ——5=-1+"—""=-1+ + <-1+5+5<0.

(n-2)° (n-2)3 (n-2)2 ~ (n-2)*

9.6. MicueBicTh po30uTa Ha KBaJapaTH, IO YTBOPIOIOTh BEJMKUN KBajpaT S5x5. Y
NeKUX MaJICHbKUX KBaJpaTax 3HaXOJsAThbCs MIHM (He OiIbIe OAHIET y KBaJparti), aje
y SIKMX caMe€ KBaJipaTaX BOHHM pO3TaIlllOBaHI HEBIIOMO. Y KalliTaHA IPYINH CamepiB €
IJIaH MICIIEBOCTI: KBaJpaT Sx 5, y KOMIpKax SKOro 3alucaHl 4yucia, U0 MOKa3ylTh,
CKUIbKM Yy BIATOBIHOrO KBajJpaTa MICHUEBOCTI CyCIAHIX KBaJpaTiB, y SKHX € MIHA
(HasgBHICTP MIHM y CaMOMYy JaHOMY KBajJpaTi He BpaxoByeTbcs). CyciagHiMuU
BBA)KAIOTHCS KBAJPATH, 110 MAIOTh CIIUJIBHY BEPIIMHY YU CTOPOHY. UM 3aBKIM 3MOXKeE
KamiTaH BU3HAYUTH 3arajibHy KUIbKICTh MIH Ha BCbOMY 110J117

Bionoeion: He 3aBxIu.
Po36’a3anna. JlocTaTHRO HABECTH MPUKJIIAJ PO3TAIIYBaHb PI3HOI KUTBKOCTI MiH, IPH SKOMY YHCIA Y
KO>KHIH KOMipIi Oy1yTh 0JTHAKOBUMU. MOXKIIMBUM MpHKIIaa 300pakeHuil Ha puc. 14.

* * 1 2 1 1 0 *
* 2 2 2 2 1 *
* 1 2 2 2 1 * *
* 1 2 2 2 2 *
* * 0 1 1 2 1 *
Puc. 14

9.7. Makcum BiArajaye HaTypajibHEe YUCJIO N, MPO SKe WOMY BiJIOMO, III0 BOHO Ma€
piBHO 250 HaTypanbHuX AumpHUKIB 1=d; <d, <...<d,50 =N. 3a onun xix Makcum

MOJKE BKasaTu aeskuii ingekc |, 1< j <249, ra nisHarucs 3nauenns d ;- [Ipu oMy
oMy 3a00poHeHo nizHaBaTucs d;, AKWIO BiH Bke 3Ha€ Oy ;. 3a AKYy MiHIMaNbHY
KUTBKICTB XOJ11B MakcHM MO>Ke TapaHTOBAHO BiATaaaTH 4nuciio N ?

(Hopuuu M. ma Carlo Pagano)

Bionogion: 3a 2 xonu.
Po38’a3annsa. JloBenemo, 1Mo TpH BIIOMHX d248 Ta d249 YHUCJIO BIIHOBIIIOETLCS OJHO3HAYHO.
PosrnsineMo 1Ba BUMAAKH:
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1) d249 HE IUINTHCSA Ha d248. Tomi HCK [d248, d249] Oyne numbHUKOM N, OLIBIIMM 3a d249.
3Biacu
n= d250 = [d248’ d249]-
2) d249 IUIMTBCA Ha d248, tomi must geskoro K CIPABIKY€ETHCS PIBHICTH d249 = kd248. Tomi

BIZIITOBITHO d3 =N — ko _ kdz >K. Tomi 1= dl <k < d3 TeX € auibHHUKOM N. 3 mporo
d248 d249

surumBae, wo 0, =K, atomy N = d2d249 = kd249.
3anuIIaeThCs MOKa3aTH, IO OJHOTO XOAY HE JOCUTh. [IpUITycTUMO MPOTHIICKHE - MO J1I3HABIIKCH
enuHnit gineEuk d  1pu dixcosanomy K , MoxxHa oxHO3HA4YHO BU3HAunTH .

Posrsmemo mpocti uwmcna (> P>2 Ta umcio pq124 3 250 ninpHMKamMu. Tonl IIIBHUKH

BITOPSIZIKOBAHI 32 3pOCTAaHHSAM TaKHM YHHOM:
1<p<q<pq<g®<..<pq‘<qg“<..<q"* < pg*.

3pincu K mae Gyru mapamm, iHakmie, Ii3HAaBIIMCh 3HAYEHHS HEMAPHOTO 32 HOMEPOM IiIbHMKA,

k . . . .
Makcum oTpuMae aeske uuciao (° 1 He MaTUMe KoJHOI iHdopmanii npo P, KpiM TOro, 110 BOHO

. .. 124 . 124
MeHIe 3a (. 3a BKa3aHuX yMOB Iie He jacTh Peai MoKIMBOCTI BiapizHut Pg~" BiA 2q .

Tenep posrasHemo mpocti uucna P<q<r, ge I < pZ,Ta YHCIIO p124q 3 250 ginbHukamu. B
I[bOMY BHITaJIKy BIOPSAKYBAaHHS BUIJISIIAE TAKUM YAHOM:
2 3 122 124 123 124
1<p<q<p <Pg<p <..<pg<p <pPTqg<pq.
Toni, mo6 otpumaru inpopmariro mpo ( Ta BiAPI3HUTH L€ YUCIO Bix p124r, MakcumoBi Tpeba

0608B’s13k0B0 Hasatu Henapuui ingekc K . Takum ynnom, K nosurHO GyTn mapuum i HemapHum
OJTHOYACHO — CYIIEPEUHICTb.

9.8. Tl'octpokytHuii TpukytHuk ABC Bnucanuii y koio W;, AN Tta CK iioro
BucotH, H — opronentp. Kosmo w,, mo onucane HaBkono ANBK , Bapyre neperunae
koo W, y Touni P. Ilpsmi CA ta BP mneperunatorscs y Toumi S. Ilpsma SH
BIpyre nepetuHae koino W, y toumi Q. Josexmits, mo mpsami NQ, PK ta CA
MEePETUHAIOTHCS B OJIHIN TOUIIl, a00 € apajeTbHUMHU.

(Hazenw leop)

Po3é’azanna. llpu noBeneHH1
OyZgemMo BHOUpaTHCS Ha BiAOMY
TEOpeEMY.

Teopema. PagukanbHi OCl TphOX
KiT TIepeTHHAIOThCc B  OJHIN
TOYIl 200 € mapaneIbHUMHU.

Touku A, K, N, C nexarp nHa

OJHOMY KOJIi, IMO3HAYUMO HOTO
W3 (puc. 15). Toai paxukanbHOO

Biccro kin W, ta W3 € mpsama
AC, w, ta W, — npsma BP,
W, ta W; -npsma NK . Toui

puc. 15

toukn N, K, S nexarr =Ha

OJTHIH MpsMIiA.
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Po3TamryBanHsi TOUOK MOKe OYTH Pi3HHM, TOMY Jajli MU OyeMO BUKOPHUCTOBYBATH OpPi€HTOBaHI

Kytd, mo6 He posrmagatd okpemi Bumaaku. Iomitumo, mo Z(AK, KS)=/(AK, KN).
Ockinsku Toukn A, K, N, C nexats Ha ogHOMY KoOUTi, TO

Z(AK, KN)=~Z(AC, CN)=Z(AC, CB).
Touku A, C, B, P Tex nexars Ha o1HOMY KOJIi, TOMY

Z(AC, CB)=Z(AP, PB)=Z(AP, PS).
Taxum uunom mu otpumamy, mo Z(AK, KS) = Z(AP, PS), spigku Touxu A, K, S, P Ttex
JIeKaTh Ha OAHOMY KOs W, .
[poxosxumo BQ mo mepernny 3 AC y touni M. V xomi W, BH - axiamerp, To6to0
SQ L BM . Tlosnaunmo gepe3 L — touxy neperuny BH 3 AC. Toni £SQB = ~/BLS =90°,
t0610 Touku B, Q, S, L manexars ommomy xomy. 3sincu (LS, SQ) = Z(LB, BQ), 3pinku
surmmBae, mo Z(MS, SQ) = Z(HB, BQ). 3 inmoro 6oky

Z(HB, BQ) =Z(HN, NQ) =Z(AN, NQ),a Z(MS, SQ)=Z(AS, SQ).

Mu orpumamu pisricts Z(AN, NQ) = Z(AS, SQ) 3 saxoi sunmmsae, mo Touxn A, Q, S, N
JeKaTh Ha OJHOMY Kol W .
Tomy pagukaibHO Biccto kin W, Ta Wy € npama AS, W, ta W, — npsma KP, W, ta W; —
npama QN . 3sincu it Bummsae, mo npami NQ, PK ta CA neperunarotscs B oaniii Touwi, a6o
€ apasebHUMH.

10 xkaac

10.5. Ckuibku icHye TpUIIM(PPOBUX HATYPAIbHUX YHUCEN, SIKI HE MalOTh HYJIbOBUX
uudp y cBOeMy 3amMcl Ta 33J0BOJBHSAIOTH YMOBY: MpHU OyIb-sKid NEpPECTAHOBII
r(dp UHOTO YKCIIa BOHO 3AIMIIAETHCA TAKUM, 110 HE IUTUThCS HA 47

(Pybavoe bozoan)

Bionogios: 283.
Po36’sa3anns. Po3rissHEMO KUIBKICTh HETTAPHUX HUQP IHOTO YKCIa.
Hexait yci Tpu mudpu HemapHi, TOAI yci Taki YUCIa YMOBY 3aJlOBOJBHSIOTh. TakuxX dwHcCel

5° =125,
Hexaii y uncni oqua napHa mudpa Ta asi Henapsi. Toxni napra mudpa He Moxe 0yt 2 um 6, 60

gpcno ab2 um ab6 nimureca na 4 npwm Hemapuomy umcni D . [iiicro, b =2C+1, Tomy

b2=10(2c+1)+2=20c+12: 4.

Amnaroriuno ans uncna b6.
Takum urHOM HapHOI0 Moxe 6yTr mudpa 4 a6o 8 i KoKHe Take YHCIIO YMOBY 3aJ10BOJIBHSE, 50

b4=10(2c+1)+4=20c+14 7 4.

Awnanoriuno a5 uncia D8.

Takux umcen ycsoro 3-5-5-2=150.

Hexaii y umciii ogHa HenapHa nudpa ta a8i napsi. Tozi napha nudpa He Moxe 6yt 2 um 6, mo
BUILIMBAE 3 TIONEPENHBOTO yHKTY. AJte Tofi napHi uudpu nopunni 6yru 4 a6o 8, i ui asi uudpu
HAIPHKIHI YMCiIa Jar0Th YUCIIo, 1m0 KpatHe 4 . ToMy Takux 4Mcen I IbOTO BUIIAJAKY HE iCHYE.

Slkmo yei Tpu mudpy mapHi, To cepell HUX He Moxe Oytu uudp 4 a6o 8, 60 Toxi uncio b4 1a
b8 npu mapwmiit mudpi D xparne 4. Tomy rudpu Moxyts 6ytn 2 um 6, i KOKHe Take 4HCIIO

3
YyMOBY 3a/10BonbHs€. Takux uncen 2° =8,
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3aramom maemo 125+150+8 =283.

10.6. 3naiiaiTe HaliMeHIIIe JificHe 3HaUeHHA napamerpa C, mpu SKOMy HEpIBHICTh

cosa+cosb+3cosacosb <2cos®>a+cos’b+C
BHKOHY€ETBLCS IIpu BCix 0<a<b<7Z.

(I'onoonoe Kupuno)

Bionosgiop: C =2.
Posé’azanna. Ilpu a =b =0 oxepsxumo uepisnicts 5<3+C, 3pimxu C > 2.
Josenemo, mo C =2 — mykane MiHiManbHe 3HAYEHHS.
Jlnst iboro Tpeda T0BECTH HepiBHICTD
cosa+ cosb +3cosacosh <2cos® a+cos*b + 2 1)
3poOuMo 3aMiHy \/; =C0Sa Ta \/V =c0osb, Toni 0 <y < X <1. Hepisnicts (1) 3801uTbCs 110

Takoi HepiBHOCTI: noBecTH, mo skmo O <Y <X <1, o cnpaBmKyeThes HEPIBHICTS:

x/;+\/§+3\/ﬁ£2x+y+2.

OcTaHHIO HEPIBHICTh MOYKHA MEPEMUIIEMO TAKUM YHHOM:

(2—&—ﬁ)+(x+ y—2ﬁ)+(\/§(\/§—\/§))2 0.
Vei Tpu nyxku Hesin emui. Ilepma nyxkka HeBin emna, ockinbku X <1 ta y< 1, npyra — 3
HEPIBHOCTI MIX CepeAHIMH, TPETS — 32 yMOBOIO. HepiBHICTH JOBENEHO.

10.7. Ha3zBemo HaTypajibHE YUCIO COIIOAPHUM, SKIIO BOHO € B3a€EMHO MPOCTUM 13
CYMOIO YCIX CBOIX HaTypaJIbHUX JUIbHHKIB.
a) Slxa HalO1IbIIA KUTHKICTD COMIIAPHUX YHUCET MOYKE UTH MOC1Ib?
0) Slxa HaiiOUIbIIA KUIBKICTH COJIJAPHUX YHUCENT MOXKE WTH MOCHUIb, SKIIO
yucio 1 comigapHuM He BBaXaTh?
(Bexnuy boeoan)

Bionogiov: a) Ta 6) — 5 uncen.

Po3é¢’azanna. CriouaTky MOKaXeMo, 10 MapHe YUCIO COMiapHe, SKII0 BOHO € TOUHUM KBaJApPaTOM
a00 TIOJTBOEHMM TOYHUM KBaJ[PaTOM.

[Togamo noBUTbHE MapHE YUCIIO Y BUTISAI M= 2°b ne b - HeMapHe YUCJIO. 3p0o3yMiIO0, 10 yCi
HemapHi AineHUKYE uncen M ta D cmiBmanmarors. SIkimo wmcno D He € Tounnm kBampatom, TO yei

iioro minmbHUKH MokHA po36uTH Ha Taki mapu d <+/D Ta % > /b, mpu neomy cyma y kosxmiit mapi

— mapHa. 3B1JICH BUILIMBAE, 110 ¥ cyma YCiX AUIBHUKIB yncia M — napHa 1 He € B3a€MHO MPOCTOIO 3

yuciaoM M.

TakuM YUHOM YHCIIO MOXKe OYTH comifapHuM (aje He 060B'SI3K0BO Oyjie) JHIe pH YMOBi, mo D €
a .. .

TOYHMM KBaapaToM. AJie 1e 03Hadae, mo gucio M= 2D B 3anexnocti Bix maprOCTi mapameTpy

a BOHO € KBaJpaToM a0o0 MOJBOEHUM KBaJIpaTOM HaTypaJlbHOTO YKCIa.

SIx6u icHyBano 6 MOCHiJIb CONIJApHUX Yucell, TO 3 3 HUX Oynu O mapHUMH, TOMY a0o /1Ba 3 HHX €
MOBHUMH KBaJpaTamu, ad0 /IBa 3 HHUX € IMOJBOCHUMH KBajpaTamu. ToOTO BHKOHYEThCS OJHA 3

qoTnpbox ymos: X2 — Y2 =2 a6o X° — Yy =4, a6o 2X° —2y? =2, a6o 2x° —2y* =4,
KOXHa 3 SIKHX HE Ma€ po3B’s3KiB B HaTypalibHUX unciax. Hampuknan, 1uis piBHSIHHS X2 — y2 =4

Ma€eMO TakKi OIIHKH: 3p03yMiIo0, o X > Y, ToMy

A=x*—y?=(x—y)(X+Yy)=22y+1 = y<3 = y=1.

-2
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o . . . 2 2
Takuif came BUCHOBOK Ma€ JJIs iHIIMX PiBHSAHB, aje Todi MaeMo, mo X~ =3 abo X° =5, abo

2 2 . . .
X® =2,a60 X° =3 sianosiano. XKojaHe 3 HUX PO3B'A3KIB HEMAE.

3aIuIaeThCs MOKa3aTy, M0 5 COMiJapHUX YUCe MOCIiIb iCHYIOTS.
a)Uucna 1, 2, 3, 4 ta 5 € mykanumu, B 4oMy JIErKO IEPEKOHATUCH HPOCTOKO IIEPEBIPKOIO.

6) Y 11bOMy MyHKTI IPUKJIa] HE € TaKUM oueBUIHUM. [lomyk poOUThCs Iyke mpocTo, Tpeda OpaTu
KBaJIpaTH NMApPHHUX 4YUCEN, a Jajli IEPEeBipATH, YM He € 4ucia Ha 2 OUIbIIe Ta MEHIIE LbOTO
KBaJIpaTy IOJABOEHUMH KBajaparamu. [lepmmmu mogiOaumu unciaamu 1o nepesipku € 15, 16, 17,
18 ta 19, ane, na xanb, axmo migpaxysatu gibHUKE aucna 15, To maemo, mo ix cyma ckiagae
1+3+5+15=24 — ue ¢ B3aemuo npoctum 3 15. To6To 15 He € comimapaum, ToMy HaBencHa
n'sITipKa He 3aJ0BOJIBHSIE YMOBH.

PosrisHemo Tenep Taki uucna: 575, 576, 577, 578 ta 579. Iposenemo nepesipky, 110 BoHHU €
CONiapHUMHU (3pO3yMiJIO, IO TPU MEPEeBIpIi COJIAAPHOCTI B CyMi AIIBHHKIB MOXXHA HE
BPaxOBYBaTH CaMe YUCIIO).

575=5-23 Tomi 1+5+23+25+115=169 — coJlijapHe, OCKiJIbKU He JiINThcA Hi Ha D, Hi
Ha 23.

576=2°-3%, tomi 1+2+3+4+6+8+9+12+16+18+24+32+36+48+64+72+
+96 +144+192 + 288 =1075 — conigapue, ockinbku He IinmuThC Hi HA 2, Hi HA 3.
577 — npocte UKMCIIO, TOMY BOHO COJIiIapHE.

578 =52.23 ,tomi 1+2+17+34+289=343= 7% _ coJliJlapHe, OCKIJIbKY HE ALTUThCSA Hi HA
2. uminal’.

579=3-193, toni 1+3+193 =197 —coninapne, OCKiNbKH i€ MPOCTE YUCIIO.

10.8. Brucane koo tpukytHuka ABC potukaetbcs ioro cropin AB, BC 1 AC B
toukax N, K, P Bignmosigno. Bimomo, mo AB>BC 1 Gicektpucu kytiB A 1 C
nepetruHatoTh npsaMy NK B Toukax Q 1 T BignmoBigHo. [lo3Haunmo uepe3 S — TOUKy
nepetuny npsmux AQ 1 TP, a wepe3 F — Touky meperuny npsmux CT 1 PQ.
Hogenits, mo npsami NK, SF 1 AC nepeTuHaroThCs B OJIHIN TOYIII.

(Haeenw I20p)

Po36’azannsa. Cnouarxy nosenemo, mo ZLAQC =90°. Jiiicro,
3a TEOPEMOIO PO 30BHIIHII KyT TPUKYTHHKA, MaeMo (puc. 16):

ZNQA = ZBNK — ZNAQ = (900—%48) —%LAz%LC.
Tomy, ZTQIl = ZKCI = % ZC . 3BincH BHUIUTHMBAE, IO TOYKH
I, Q ., K, C nexarp Ha onHomy komi. OCKimbKH pajiyc,
MPOBEJICHUI B TOYKY JOTHKY, NMEPIECHAUKYISIPHUN 10 JTOTUYHOI,

to ZIKC =90°. Tomy 3a Teopemor Npo BHMCaHi KyTH, sKi
CIIMpAlOThCS Ha OAHYy M Ty K caMy Jyry KOJa, MaeMo:

ZAQC = ZIQC = ZIKC =90°, mo i tpeba 6yno mosectw.

Ananoriuno nosoauthes, mo L CTA=90°.
3’eqaaemo Toukn P Tta |, Tomi IP L AC . 3Bincu BuruuBae, mo

gotupukytaukn ATIP, CQIP i ATQC - snucani. Tomy,
ZPTl = ZPAlI = ZCAQ =2CTQ=ZITQ,
to6T0 Tl — Gicekrpuca xkyra PTQ (puc. 17). Ananoriuno mosomutses, mo QI — Gicexrpuca

Puc. 16

xkyra PQT . Omxe, | — touka meperuny 6Gicextpuc tpuxytnuka 1PQ i Pl — Gicexrpuca xyra
TPQ. Ockimekn AB > BC, 1o mpomeni NK i AC neperunarorsca B gesxiii Touni R. IMpu
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usomy, npominb PC — Gicexktprca 30BHimHboro kyra npu Bepinni P B tpuxyrauky TPQ . 3a

BJIACTUBICTIO OICEKTPUCH BHYTPIIIHBOTO KyTa TPUKYTHHMKAa 1 OICEKTPUCH 30BHIIIHBOTO KyTa
TPUKYTHHUKA, MA€EMO:

PS PQ TR PT QF QT
ST QT'RQ PQ FP TP’
[TepeMHOXyIOUHM YCi 111 TPH PIBHOCTI, OACPIKYEMO:
PS TR QF PQ TP QT 1
ST RQ FP QT PQ TP
a 1e o3Haydae, mo Toukn S, F i R nmexars ma oxmiii

npsmiii (32 Teopemoro Menenasi), mo i Tpeba Oyio
JIOBECTH.

11 kaac
11.5. Ha ropuszoHTanbpHIi TpsMiA N 37iBa A P ¢
HalpaBo po3TamoBaHl Touku A, A, ..., A;. Puc. 17

Biactanp MK KOXHUMHM JBOMa CYCITHIMHU
tToukamMu JopiBHIoe 1. [ToOynyemo mpsmy |, ska meprneHaukysasspHa N i TPOXOIUTH
gepe3 Touky A.. Yu icHye Ha 1iif npsiMiii | mpuHaliMHI ofHa Taka Touka B # A, 1o

cepen ycix TpukyrtHukiB BAA;, 1<i< <9, KiIbKiCTb TOCTPOKYTHHX Ta

TYNOKYTHHUX OJIHAKOBa?
(Pybavos bozoan)

Bionogios: icHye.

Pos36¢’azannsn. Iposenemo miBkono 3 giamerpom A Ag (puc. 18). Tlokaxemo, mo mykaHa touka B
— IIe MepeTHH IbOTO MiBKoJa Ta Ipsamoi | .

Iigpaxyemo kinbkicts Tynokyrnux Tpukytaukis BAA;, 1<i1< J<9: 3 Touwok A, ..., A,
MO>KHa BUOpaTH Oyab-sKi aBi, Tak camo i 3 Toukamu Ay, ..., Ay. Taku TPUKYTHHUKIB 110 6, pa3oM —
12 tpukyTHEKIB. SK110 BUOpaTH TOUKH 110 pi3Hi Goku Bix Ag, To TyT TynokyrHuii o — BA Ay,
60 koo 3 niamerpom A Ay mictuTs Beepeuni Touky B.

Tenep roCTPOKYTHHX TPHKYTHHKIB. BuOupaemo oaHy 3 Touok Ay, ..., A,, npyry —3 Ag, ..., Ay,
ycboro — 16 tpuxyrHukis. 3 Hux — Tymokyrtuit BA Ay, a Takox nsa npsmoxytaux — BA A Ta

BA, Ay. Takum unroM ix Takox piBHO 13. To6To Touka B — mykama.

11.6. Hdna sxkux HaTypanbHux gucen N B

ICHYIOTh TaKl HaTypajbHI yucaa X, Y, 110 .- NN

ix cyma gopiBaioe N, a 100yTOK JUTHTHCS J s <N

Ha N? /7 N
(Pybnvos bozoan) ;o AN

Bionosios: sxmo icaye mpocte wucno P, ms le I L | |
aoro N 3 p?. AhAAAAEAEAEA

Po3e’azanna. Cnovyatky MoKakeMo, IO YCi Taki Puc. 18
quclla YMOBY 33JI0BOJIbHSIOTH, TOOTO MigOepeMo
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JUI HUX IDyKaHy napy X, Y.

Hexait amst aesxoro mpocroro P N = p2Q, ne Q>1. Posrsnemo X = pQ, y = p?’Q—pQ.
Toni

x+y=N=p°Q, xy=pQ(p"Q-pQ)=p°Q(PQ-Q): N=pQ.
Hexait temep N = p;P,...p,, me Py, Py, ..., Py — momapro pisHi mpocri wmcma. Toxi
y =N —X. Hpunyctumo, mo Xy =X(N —x) =Nk, ze k>1. Toxi x*=N(x—K). 3sizcu
BUIUINBAE, o VI =]j X2 : Pi, a ockinbkm [); — mpocre uucno, To M X : P;. Tomy

X: PPy.--Py =N, 3izxku X> N, mo cynepeunts ymosi Yy € N .

11.7. Briucane koo roctpokyTHoro TpukyTHuka ABC motukaetbcs mo cropin BA
ta AC y toukax K Ta L BimmoBigHo. Bucora AH meperunae GicexkTpucu KyTiB B
ta C y Toukax P Tta Q BimmoBimHo. Omucani kona TpukyTHUKiB KPB T1a LQC

IIO3HA4YUMO 4Yepe3 W, Ta W,. [loBexiTs, mo, AKIO cepeauHa BUCOTH AH JIeXHTbH
30BHI KUI W, Ta W,, TO JOTU4YHI 10 KUI W, Ta W,, IO IPOBEJEHI 3 L€l CEPEINHH, €

PIBHUMH.
(Xinoko [Januno)

Puc. 19

Po36’azanns. Toznaunmo uepes N — Touky noruky srmcanoro B AABC xona o croponn BC,
auepes | —inmentp AABC (puc. 19). Kpim Toro, Hexait X Touka, mo cumerpuuna N BignocHO
touku H .

Ockinbkn CQ - 6icexktpuca kyra NCL, a CN =CL, to tpukyrnuku QLC Tta QNC € piBHUMH,
3Bimku  ZQLC =ZQNC. Kpim T1oro ZONX =ZQXN. 3Bimcu  oTpuMaeMo, IO

ZQXC + Z/QLC =180°.
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3Bificu BUILIHBAE, 0 X € W, . Anajorigao X €W, , To0T0 Touka X € CHIIBHOIO TOYKOIO KiJl.
W, ta W,. Ilosmaummo wepes Y gpyry Touxky mepermHy W, Tta W,. Tomi, ockimbku

yotupukytHukn BKYX ta CLYX — Bnmcani, To
ZKYX + £ZXYL=180°—- /B +180°— £C =180°+ LA, spinku LKLY =180°— LA.

Tomy Toukn A, K, Y, L nuxmiuni. Ilo3naunmo ue kono W. JIpyry Touky nepetuny W Ta npsmoi

XY mnosnauumo Z . Toxi maemo, mo LZAK = ZKYX =180°— /B, ssiaku AZ||BC. Kpim
TOTO

ZAKI = ZALI =90°,
3BifikK OTpuUMyeMo, o Al -- riameTp koma, onucanoro Haskono [J AKL . Toxi ZAZI =90°.

Ockimeku IN L BC 1a ZI L BC, 10 Z, |, N nexars na ogmiii mpsmiit, tomy AZNH —

npsamokytauk. Ockineku XH =NH , to AZHX - mapanenorpam. ITo3Haunmo TOuKy nepeTuHy
npsamoi XZ ta Bucoru AH uyepes M . Toni M e cepenunoro Bucorn. Toxi cepenyHa BHCOTI
Hanexuts npsimiit XY |, sika € pagukansHOo Biccto kim Wy ta W,. Tomi fotuuHi, 1o nposeseHi 3

touku M 10 nux kin — pisHi.

11.8. Hexaii A — ckiHYeHHA MHOKMHA (YHKITIH, 110 BU3HAYCHI HA MHOXKEHI TIHCHUX
yyceNn 1 NpUUMaroTh AiCHI 3HauYeHHs. TakoX B1IOMO, IO JUISl OyIb-aKUX (DYHKIIIH
f, 0, sxi mamexare A, ¢ynkuis f(g(x)) Tex nHamexutrp A. Bimomo, mo mis

noBitbHOT QyHKIIT f 3 MHOXKMHU A icHye QyHKIsS § 3 A Taka, 1o
f(FO)+Yy)=2x+9(g(y)—x).
HoBeniTe, mo gyukmist h(X) = X Hanexuts A.
(Knypman Onexciti)

Po3¢’a3anna. JloBeneMo Taxky Jiemy:

Jlema. Y muoxuni A icnye dynkuis f, ans sxoi cnipapmxyerses pisnicts: T ( (X)) = f(X).

Jlosedenns nemu. Tosnaumvo uepes T & (x) = f( f(...f(x)...)). 3adixcyemo f € A, a mani
k

f (2) f (4) f (8)

. . 1 . .
PO3TIIIHEMO TNOCI10BHICTH f = f(), ..., OCKUIBKH A — CKIHYCHHa, TO 3

INEBHOI'0O MOMCHTY L HOCJ'Ii,Z[OBHiCTB MMOYHUHA€E€ TIMOBTOPIOBATHCH 3 JACIKOIO0 HOMCEpaA. TOMy

t s t sy \(27°) s
f(2 ) — f(2 ) i geskux HatypamsHux t>S>1. Toni f(2 ) — (f (2 )) = f(2 ), Ternep

£00

28 t—s . . .
noknazemo f; = f2) Kk =2""% spigks maemo, mo f,. Tenep nomiemo 3xiBa Ha 1O

2
pimwiers £, i Gyrewo wamn, mo 4P o £ = 0D o £, ago (£E)T = 10,

Tomy, axmo nmokimactu J = fl(k_l), Oynemo maru, L0 g(z)(x) = g(g(x)) = g(x) , o i Tpeda
OyJ0 J0BeCTH.
Jlema 0oseoena.
Toxasxemo Temep, mo 1 Gynkmis T, o axoi T ( (X)) = f(X), e crop’exTusnor0, 3Bi7KH Gy/E
surmmBatu, mo T (t) =t. Mdilicno, ockimeku f(X) npuitmae yci 3HaueHHs, To TOKIazeMo
t = f(X). Ioknanemo y 3anane pisnsuus Yy =—f (X), Toxi

f(0)-2x=g(g(- f(x))-x).
3Biacu § — crop’ekuis. SIKIo Tenep y mMo4aTkoBOMY piBHSHHI 3adikcyBaTH X, TO IIpaBa YacTHHA, 3

ctop’extusHocti §(X), mpuiimae Bei milicHi 3navenns, tomy f — crop’exuis



